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Zusammenfassung

Die Betweenness Centrality ist ein Standarmafl bei der Analyse von Netzwerken, um
die Wichtigkeit von Knoten in einem Netzwerk einzustufen. Die Betweenness Centrality
reprasentiert die relative Anzahl an kiirzesten Pfaden, auf dem ein Knoten in einem Netz-
werk liegt. Das Ermitteln von Knoten mit hoher Betweenness Centrality, und damit das
Finden von Knoten, die wichtig fiir das Netzwerk sind, hat eine Reihe von Anwendungen
in verschiedenen wissenschaftlichen Feldern wie Soziologie, Biologie und Informatik.

Die aktuell schnellsten Algorithmen zum Berechnen der Betweenness Centrality fiir
alle Knoten in einem Netzwerk haben eine Laufzeit von O(n - m), wobei n die Anzahl
der Knoten und m die Anzahl der Kanten in dem Netzwerk ist. Diese Laufzeit ist jedoch
nicht praktikabel, wenn sehr grofle Instanzen von Netzwerken analysiert werden miissen.
Dies stellt eine Motivation dar, um schnellere Algorithmen zu finden oder vorhandene zu
verbessern, sodass die Betweenness Centrality auch in groflen Instanzen in angemessener
Zeit berechnet werden kann.

Ein solcher O(n - m)-Algorithmus ist der von Brandes [J Math Sociol 2001]. Baglioni
u. a. [ASONAM 2012] verbesserten diesen, indem sie Grad-Eins-Knoten aus dem Netz-
werk 16schen, bevor sie Brandes Algorithmus auf dem Netzwerk ausfiihren. Falls genug
Knoten geloscht werden koénnen, kann das eine wesentliche Beschleunigung darstellen.
In dieser Arbeit mochten wir diese Idee weiter ausfithren. Wir stellen einen parametri-
sierten Algorithmus in Hinsicht auf die Feedback Edge Number vor, der das Lschen von
einigen Knoten von Grad zwei miteinbezieht.

Abstract

When it comes to analyzing networks the betweenness centrality is a standard measure to
rank the importance of the vertices in a network. The betweenness centrality represents
the relative number of shortest paths a vertex lies on in a network. Finding vertices with
a high betweenness centrality and thus vertices that are important for the network, has
several applications in different fields of science, for example in sociology, biology and
computer science.

The currently best known algorithms for computing the betweenness centrality for
each vertex of a network have a running time of O(n - m), where n is the number of
vertices and m is the number of edges in the network. This running time however is not
feasible for very big instances of networks. This motivates to find faster algorithms or
to improve existing algorithms to make the betweenness centrality a usable method of
analysis even for these instances which are currently to big for practical use.

One such O(n - m)-algorithm is the one of Brandes’ [J Math Sociol 2001]. Baglioni
et al. [ASONAM 2012] improved Brandes’ algorithm by deleting degree-one vertices
in the network before running Brandes’ algorithm on the network. If enough vertices
are deleted, then this can be a significant speed up. In this work we follow this idea.
In particular we provide a parameterized algorithm with respect to the feedback edge
number, which involves the deletion of some vertices of degree two.
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1 Introduction

Networks, for example social networks, are often represented as graphs, where the ver-
tices of the graph represent the entities in the network. If there is an edge between two
vertices, then the respective entities are in some kind of relationship. This relationship
can represent any circumstances: In a social network like Facebook, two people, the
entities, could be connected with an edge, if they were “friends”. Methods of graph
theory can be applied to the graphs of the networks to analyze them and get various
information about the entities or their relationships. One of such information are the so
called centrality indices, the betweenness centrality being one of them. For an overview
of the other indices, see [Bra01] for example. Centrality indices were already mentioned
by Bavelas [Bav48] in 1948 but without providing a formal definition of them. This was
done by Freeman [Fre77] in 1977 for example. Freeman also provided a formal definition
of the betweenness centrality. The betweenness centrality is a measure, of how central a
vertex is in the graph. This measure is calculated by, roughly said, counting the number
of shortest paths that the vertex lies on. For a graph G = (V, E), the exact value of the
betweenness centrality Cg(v) for a given vertex v € V' is obtained by adding up for each
pair (s, t), s #v #t € V, of vertices the ratio of the number of shortest paths between s
and t that v lies on and the total amount of shortest paths between s and t. The formal

definition is as follows: ()
Ost\U
Cpv)= Y — (1)
s,teVvV st
sFVF£L

where o4 denotes the number of shortest path between s and ¢ and o4 (v) denotes the
number of shortest paths between s and ¢t where v lies on. A formalization of the problem
we deal with in this work is:

BETWEENNESS CENTRALITY

Input: An undirected graph G = (V, E)

Task: For each v € V' calculate the betweenness centrality Cp(v) = > Uf;—s(tv)

2

The higher the betweenness centrality of a vertex is in a network, the more shortest
paths the vertex lies on. The betweenness centrality is motivated by the assumption that
information flow in a network follows shortest paths [Bag+12]. Hence, if a vertex lies
on many shortest paths, it has a high potential to influence or control the information
flow in the network. For a short example, see Figure 1. In Figure la the vertex b has
a betweenness centrality of four, since b lies on all shortest paths between four pairs
of vertices, which are (a,c), (a,d), (¢,a) and (d,a) (each pair is counted twice). In
Figure 1b, a new vertex b’ is added. Now, between each of the just mentioned pairs
of vertices, there are two shortest paths, and b only lies on one of them. That is, why
its betweenness centrality reduces to two: Both b and b’ now share the connections
between a and ¢ and a and d; b does not have exclusive influence on these connections
anymore.
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(b) The betweenness centrality of b is only

(a) The betweenness centrality of b is four o

Figure 1: Example for betweenness centrality in two similar graphs

Betweenness centrality plays an important role in different fields of science. In brain
networks, it could be used to find neural links with a high information flow. These links
may represent important anatomical or functional connections between different regions
in the brain [RS10]. In social or biological networks in general, betweenness measures
can be used for finding community structures [For10; NG04]. Community structures
are clusters of vertices with a high amount of edges between the vertices of a cluster,
while between the clusters, there are rather few links. Those links are important for the
information flow between the groups and hence, the vertices being part of these links are
more likely to have a high betweenness centrality. Since these networks are often big, a
fast computation of betweenness centrality is desirable.

If we wanted to compute the betweenness centrality for all vertices of a graph and
look at formula (1), a naive approach of doing so would take O(n3) time in total. This
is only feasible for relatively small networks. If we look at bigger networks though, with
(hundreds of) thousands of vertices, this running time is not feasible for practical use any
more. In 2001 Brandes [Bra0l] introduced an algorithm for computing the betweenness
centrality of each vertex in a graph in O(n - m) time, where n denotes the number of
vertices and m denotes the number of edges in the graph. Since (social) networks are
rather sparse [BraOl], this is a significant improvement to the hitherto known naive
approaches.

In 2012, Baglioni et al. [Bag+12] introduced an improvement for Brandes’ algorithm.
Before running the algorithm of Brandes on the graph, they recursively delete all vertices
of degree one, leaving a graph with only vertices of degree at least two. This reduces the
number of vertices on which Brandes’ algorithm has to be performed and thus improves
the running time of the computation. The performance improvement directly depends
on the number of degree-one vertices in the graph.

Now, our approach is to take the next step and continue the work of Baglioni et al.
[Bag+12]. We want to delete as many vertices of degree two as possible in the input
graph to shrink the graph even more and thus, to reduce the number of vertices that
Brandes’ algorithm needs to be run on. We additionally give a theoretical analysis by



using the feedback edge set of the graph. This is a set of edges such that removing it from
the graph results in an acyclic graph. The size k of the smallest such set is called the
feedback edge number. In this work, we want to provide an algorithm with a running time
of the form O(k®™M .n?). This follows the idea of “FPT in P”: For a problem solvable in
polynomial time O(n¢), we want to find a parameter k and an algorithm, such that the
problem is solvable in O(f(k) - n¢), where ¢ < ¢ and f only being dependent from k.
If k£ is small enough, then this is an improvement to the running time of O(n¢). Our
parameter k is the feedback edge number of the input graph and the algorithm that
we present in this work has a running time of O(k? - n?). For a more comprehensive
explanation of “FPT in P”, see Giannopoulou et al. [Gia+17]. At this point, we want
to formalize the theorem that we proof with this work:

Theorem 1.1. The betweenness centrality for all vertices in a graph can be computed
in O(k? - n?) time, where k is the feedback edge number of the graph.

The rest of this work is structured as follows: In Section 2 we list formulas and
variables that we use in this work. In Section 3 we give a an overview of our algorithm.
We give definitions for balloons and chains as well as a brief pseudo code to put all of
our steps in a defined order. In Section 4 we show how we handle the just mentioned
balloons. In Section 5 we do the same for chains. Section 5 will be the most extensive
one in this work. In Section 6 we will give a conclusion and ideas on how to further
improve our algorithm.

2 Preliminaries

Here, we define the formulas and variables that we use in this work.
An undirected graph is a pair G = (V, E). In this context, we denote by

\%4 the vertexr set of G;

E the edge set of G with E C (‘2/), for an edge e = {u,v} € E the two vertices u
and v are called endpoints of e;

ng the number |V| of vertices;

mg the number |E| of edges;

degq(v) the degree of v in G;

V=1 the set of all vertices in V' with degree one;

V=2 the set of all vertices in V' with degree two;

V23 the set of all vertices in V' with degree at least three;
Oow the number of shortest paths between v and w;



ovw(u) the number of shortest paths between v and w that include vertex wu; for con-
venience we set gy (V) = oy (W) = opw;

dg(v,w) the distance of v and w, i.e. the length of a shortest path between v and w;

S(T) the set of all elements that appear in the tuple T, i.e. for T' = (t1,...,1¢) we
have S(T) = {tl, ...,tg} N

S*(T)  the set of all elements that appear in the tuple T" except the first and the last,
i.e. for T' = (ty,...,ty) we have S*(T') = {ta, ..., ts—_1} ;

G — {v} the induced subgraph of G, obtained by removing v € V' and all its edges from
G;

G[V']  the induced subgraph of G, obtained by removing all verticesv € V,v ¢ V' CV
and all its edges from G;

If the graph G is clear from the context, then we will omit the subscript G.

3 Overview of the algorithm

As mentioned in the introduction, Baglioni et al. [Bag+12] improved Brandes’ algorithm
[Bra01] by recursively deleting all degree-one vertices in the input graph before running
Brandes’ algorithm on it. For the deletion process they introduce a labeling p, V' — N,
where initially p(v) = 0 for all v € V. After deleting a degree-one vertex v in the graph,
they increase p(v') by p(v) + 1, with v’ being the unique neighbour of v. Thus, p(v)
denotes the number of vertices that were already deleted from the graph and directly
connected to v. This labeling is needed for calculating the correct betweenness centrality
for the remaining vertices later, when running Brandes’ algorithm on the graph. Baglioni
et al. slightly modify Brandes’ algorithm to involve the labeling p. Besides, in the
deletion process, they already compute the final betweenness centrality of each deleted
vertex. See Baglioni et al. [Bag+12] for a more detailed description. The main ideas
behind that procedure are that they shrink the input graph before running Brandes
algorithm on it by deleting vertices of degree one, that the shrinking process can be
done in almost linear time and that the deletion of those vertices does not alter the
betweenness centrality of the remaining vertices in the graph.

In this work, we want to further improve the algorithm of Baglioni et al. [Bag+12].
Our algorithm starts with the same procedure as Baglioni’s algorithm does: We delete
all vertices of degree one in the graph and apply the labeling p on all vertices left, with
a small difference: We want p(v) to represent the number of vertices that were directly
connected to v (as in Baglioni’s algorithm) plus v itself. Therefore, after removing the
degree-one vertices, we increase each value for p by one. After the deletion of all degree-
one vertices, the input graph contains only vertices with a degree of at least two. Our
goal is to delete as many degree-two vertices as possible to further reduce the number
of vertices that Brandes’ algorithm needs to be run on. For this purpose, we distinguish
between two types of subgraphs in which degree-two vertices may appear:



Residual Graph

Residual Graph

(a) a balloon (b) a chain

Figure 2: A balloon and a chain

Definition 3.1. A balloon is a path (yo, y1, ..., ye, yo) where yg € V and yy, ...,y € V=2

Definition 3.2. A chain is a path (z,y1, ..., ys, z) where z, 2z € V=3 and y1, ..., 50 € V=2
and x # z.

See Figure 2a and Figure 2b for a visualization of a balloon and a chain, respectively.
These subgraphs can be found in linear time in the input graph, as we will see later.
In addition, every vertex of degree two is either part of a balloon or part of a chain. If
there are only vertices of degree two left in the graph, then the whole graph is a balloon.
At this point we give a more detailed look on the feedback edge set of the graph. With
its help we can bound the number of chains and the number of vertices with degree at
least three in the graph.

Feedback Edge Set and Feedback Edge Number As explained in Section 1, the
feedback edge set of a graph is a set of edges that needs to be removed to make the
graph acyclic. The feedback edge number is the size of a smallest such set. Now,
consider the residual graph after we have removed all vertices of degree one from it
using the procedure of Baglioni et al. [Bag+12]. The vertices in the residual graph all
have a degree of at least two. If follows from the work of Mertzios et al. [Mer+17, proof
of Thm 2.3] that the number of chains in the residual graph is linear in the feedback
edge number k, i. e. |C| € O(k). The same holds for the vertices of degree at least three,
i.e. | V3| € O(k), too.

In the next paragraph we show how we can remove balloons from the graph. Chains
are handled later in Section 5, because they cannot be simply deleted from the graph.

3.1 Splitting balloons from the graph

The behavior of balloons in the graph is similar to that of degree-one vertices. This
allows us to remove them for similar reasons as degree-one vertices can be deleted from G.
Vertices of degree one can be deleted from G, because all shortest paths from a vertex of
degree one pass through its unique neighbour. For balloons, this is similar: All shortest
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= (V1 UVy, E) G = (V1. Ey) Go = (Vz, E»)

(a) The graph before splitting (b) The two new graphs after splitting

Figure 3: Splitting a graph into two

paths from each vertex y, ..., 3¢ in the balloon to each vertex outside that balloon pass
through yo. After removing a balloon from the graph we just have to increase yq’s value
for p by the size of the balloon (and all vertices that were originally connected to the
balloon). We do this step iteratively, since after “popping” a balloon, that is deleting
all vertices except yg from the input graph, there could be a new one. At this point, we
want to introduce the following helpful lemma. See Figure 3 for a visualization of it. In
Figure 3a vertex v is the only connection between the vertices in Vi and V4. All shortest
paths between vertices of V; and vertices of V5 pass through v. If we split the graph
into two as shown in Figure 3b we have to make sure that after performing Brandes’
algorithm on the graphs the betweenness centrality for the vertices in them are not
altered. Therefore, we have to increase the betweenness centrality of v by the product
of the number of vertices in V7 and V5. Then, because we delete a number of vertices
from the graph, we yet have to increase the value of p(v) by the sum of all p-values of
all vertices in V1 or Vs, respectively. This is expressed in Lemma 3.3:

Lemma 3.3 (Split Lemma). Let G = (V, E) be a connected graph and let v € V' be any
vertex, such that the graph G — v is disconnected. Let G' = (V', E") be one connected
component of G —v. Set G1 = (V1, E1) = G[V' U{v}]| and Gy = (Va, E2) = G[V \ V].
Also, let pg,(v) = > ey, Pa(w) and let pg,(v) = Y- ,cv, Pa(w). For all uy € Vi \ {v}
and ug € Vo \ {v}, let pg, (u1) = pa(u1) and pa,(u2) = pa(uz).

Then, for u € V we have:

Cgl (U) + CgQ (u) +2 Zwevl\{v} p(w) ZwEVQ\{v} p(w); ifu=v
O (u) = Cgl(u), ifueVy andu#v
C’gQ(u), ifueVaandu#v

Proof. First, we will show that C%(u) = C’gl (u) for each u € V, u # v. The proof
of C§(u) = ng (u) is analogous. Then, we will show the correctness of C§(v) =

CBH(v) + CF2(0) + 2 ¥ pevi oy P(0) X er oy P().
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Let uw € V1 \ {v}:

(ii):
(iii):

Cgl( ) = Z PG, (8)pey (t USt( )

8

5726;1
SFEUFL
. Ust( ) Usv(“)
= Z pG1(3)pG1(t) o +2 Z pGl )pG1( )T
s,tivl;\é{tv} st se;/l\;iv} sv
® Obt( ) 9 T (1)
= > pals)pa(t) == S+ > pals)pe, (v) >
s,tEyéV:\év} st 86;/1\72{’1)} sv
ii Us Usv
o Y pals)palt) == ) 1o > pa()( D pa(w )
S7t67§V1;$E§U} 56;\&/1\;211} weVa
@y rul) onl)
= pa(s)pa(t)——= + > pals)pa(w) .
steVi{v} st seVi\{v} Y
sEuFt 1;6‘;2
(iv) ost(u) Osw (1)
= > pals)pat) S T2 > pals)pa(w) >
stEVI{v} st s€Vi\{v} .
sF#uUFt 171)&6\;2
ost(u)
+ Y pa(s)palt) .
s,teVo\{v} st
sFuFt

ot (U
= Y pelspa® ™™ = cg)
s,teV Ost
sEUFL

: pay (w1) = pa(wr) for each wy € Vi \ {v} and pg,(w2) = pa(ws) for each wy €

Va\{v}
yuen (’U) = ZwEVQ pG(w)

Each shortest path from w € V5 to s, € V1 \ {v} has to pass through v. Thus, if
u lies on a shortest path from v to s or ¢, then u will also lie on the shortest path

from w to s or t. So, ) — Futlt) ;g Tevlt) _ gewlu)
Out Twt Osvy Tsw

c If st € Vo \ {v} and u € V1 \ {v}, then o4(u) = 0, because each shortest path

from s to t “stays” in V5: There is only one vertex connecting the vertices in V;
and V5 and a shortest path never covers the same vertex twice.

11



For v:

CE ) +Cw) +2( > pew) || D pow)
weVi\{v} weVa\{v}
=CE () +C2(0)+2 > pa(w)pa(ws)
w1€VI\{v}
wa€Va\{v}
v Owqiwe \U
oG +CRw 2 Y potwpotu) e
wieVi\{v} w2
wa€Va\{v}
Ost\V Ogt(U
= 3 e a2 £ 3 ey (s)penn 22
steV; st s,teV: st
) 1 5 2
s#VF#L sAvE£t
Ty, (V)
+2 Z pG(wl)PG(WZ)Tm
wieV]
wo€Va
w1 FvFEW?
ost(v
= 3 vl = )
s,teV st
sFVFEL
(v): Vertex v is part of each shortest path from wy € Vi \ {v} to wy € V5 \ {v}. Thus,
qulwg(v) -1
Owqiwy :

O]

Notice that for a balloon B = (yo, y1, ---, Y, Yo) vertex yo is a separator as described in
Lemma 3.3. Basically, Lemma 3.3 generalizes the procedure of Baglioni et al. [Bag+12]
treating vertices of degree one: It removes vertices from the graph (and does some extra
computations) without altering the final betweenness centrality of the remaining vertices.
We will use Lemma 3.3 to separate the balloons from the graph without influencing the
betweenness centrality for the residual graph.

Before we can actually begin with removing balloons from the graph we have to find
them first. In the next paragraph we show how to do so. Note that we search for all
chains in the graph parallel, since we of course need to find the chains, too, to process
them. We also mention that in this work we do not remove the chains from the graph
and hence, we do not remove all vertices of degree two from the graph. In Section 5 we
give a detailed explanation on how we deal with chains.

3.2 Finding balloons and chains

Before continuing with Section 4 and Section 5, we show how to find all balloons and
chains in a graph G.

12



Residual Graph Residual Graph

(a) The graph before the removal of B (b) The graph after the removal of B

Figure 4: Removing a balloon

Consider any vertex v € V. If deg(v) = 2, then iteratively look at the left and right
neighbour of v, until there are neighbours v; and v, with a degree greater than two. If
vy = vy, we found a balloon. Let B = (yo,y1, ..., Yz, Yo) be the found balloon. If v; # v,
we found a chain. Let C = (x,y1, ..., y¢, 2) be the found chain.

If we find a balloon, then we will remove it from G according to Lemma 3.3. See
Figure 4 for a visualization. Afterwards, we have to check gy again, since in the residual
graph the degree of yp is decreased by two. If then degqs(yo) = 1, then we will just
remove Yo, too, in the same way as Baglioni et al. [Bag+12] remove the degree-one
vertices from the graph. But if degs(yo) = 2, then we have to do the same procedure
as above again. If, additionally, o was an endpoint of a chain, then we have to extend
that chain instead of creating a new one. Let B be the set of all balloons and let C the
set of all chains. If we keep a mapping of which vertex is part of which chain, then this
part can be done in O(n 4+ m) time.

To complete this section we give a short summary of the next steps followed by a brief
pseudo code in Section 3.3. The pseudo code will help later, when linking the sections
of this work with their respective part of the pseudo code:

e In Section 4 we will show how we process the found balloons.

e Section 4 is a preparation to the more extensive part of dealing with the chains in
Section 5: After deleting all balloons the remaining vertices of degree two are all
part of either chain. Then, we are ready to run the modified version of Brandes’
algorithm on the shrinked graph. At last, we will process the chains. In Section 5.5
we provide the overall running time of our algorithm.

e In Section 6 we give a conclusion followed by some ideas on how to further improve
the algorithm.

3.3 Outline of the Algorithm

We provide a brief a pseudo code in Algorithm 1. The pseudo code does not cover
every detail of our computations. By looking at the code, the reader can quickly get an

13



overview of what we do in this work. This is suggested before continuing with reading
the following sections. In the first three lines we do the preparation work: Initializing
the needed variables and removing all vertices of degree one from the graph. In lines
5-13 we search for balloons and chains in the graph. If we find a balloon, then we remove
it from the graph according to Lemma 3.3 and add the balloon to the set of all balloons.
If we find a chain, then we just add it to the set of all chains. In lines 15-17 we compute
the betweenness centrality of the vertices in the balloons. In the last three loops we deal
with the found chains (see Section 5).

4 Popping balloons: Dealing with cyclic structures

In Section 3 we already showed how to find balloons and how to remove them from
the graph using Lemma 3.3. In this section we calculate the appropriate values for the
betweenness centrality for the vertices in the balloons. Therefore, look at any B =
(Y0, Y1, - Yo, Yo) € B. Since we removed the balloon from the graph, we can look at the
balloon isolated from the rest of the graph. The respective line in Algorithm 1 of this
part is line 16.

Handling the balloon Before starting with the computations of the betweenness cen-
trality for the vertices in B, we construct two tables tif; and tygn for B. They are
defined as follows:

tree (i) = Y _ p(yr)
k=0

Y4
trignt (1) = p(y0) + > _ p(yr)
k=i

Intuitively, tieg(y;) represents the number of vertices that were originally connected to
Y0, ---Yi plus the number of these vertices itself, while tyight(ys) represents the number of
vertices that were originally connected to y;, ..., y¢, Yo plus the number of these vertices
itself. With a naive approach, the above tables would need quadratic time for their
construction. Because we want the computations to work in linear time, here is how the
tables can be computed iteratively in linear time:

tlof (y) _ p(y0)7 ifi=0
e tieft (Yi—1) + p(y:), otherwise

_ Jp(yo), ifi=0
tright (yz) = .
tright (Yit1 mod 1+1) + P(¥i), otherwise

(2)

In the next part, for each y;, we compute CE(y;), the betweenness centrality of the
vertex y; in the balloon B.

We first look at gy and calculate C’g (yo). Next, for each other y;, we iteratively
compute Cg (yi). Doing this iteratively ensures a linear running time for the processing

14



Algorithm 1 Betweenness Centrality

Input: An undirected, unweighted graph G = (V, E)
Output: Cp(v) forallv eV

1. Cp(v) «0foralveV

2: run Baglionis’ procedure on G // delete all vertices of degree one from G
3: p(v) < p(v)+lforveV // increase p-value of each vertex by one
4:

5: while there is a balloon or chain do

6:  if balloon then

7: Let (yo,y1, -+, Yo, yo) be the balloon

8: (G1, G2) <« split(G, yo) // split found balloon from the graph

9: C§(yo) « CEWo)  + 2 eri o} P(0) Xuera\ o} P(W)

// increase betweenness centrality of the separator yg

10: add balloon to set of all balloons
11: G+ Gy
12 else
13: add chain to set of all chains
14:
15: for balloon in balloons do
16:  compute betweenness for balloon // Section 4

17: run Brandes’ modified algorithm on vertices with degree at least three

18:

19: for chain in chains do

20 forwvin V do

21: if dega(v) > 3 then

22: process chain-vertex pair (chain, v) // Section 5.2, (Step 1)
(Section 5.2)

23:

24: for chainl in chains do

25:  for chain2 in chains do

26: process chain pair (chainl, chain2) // Section 5.3, (Step 2)
27:

28: for chain in chains do

29:  process single chain(chain) // Section 5.4, (Step 3)
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of each balloon. For the following computations we define

p(yi), if i =j

tieft (y;), if ¢ < jand i =0

tefe (Y;) — et (Yi—1), if i <jand i >0
tieft (Y5) + tright (¥:) — p(yo), if @ > j

t(yi ) =

The formula ¢(y;,y;) sums up all values for p from y; to y;, clockwise (p(v;) + ... + p(y;),
or p(y;) + ... + p(ye) + p(yo) + ... +p(yi), if j < 7). In the rest of the section we show the
following theorem:

Theorem 4.1. Let B = (yo, Y1, ..-,Ye, Yo) be a balloon. The betweenness centrality of all
vertices in B can be computed in O({) time.

Depending of whether / is even or odd, we have to do slightly different computations.
A formal proof can be found at the end of this section.

Case 1: /is even We compute the betweenness centrality for yg by constructing a sum.
We will first give the definitions and then an explanation. The betweenness centrality
to add to yo is:

!

L

2

CHyo) =Y _ plyx) - (trigns (¥ 1 144) = P(0)).
P

From each vertex y;, 1 < i < %— 1, there is exactly one shortest path to each vertex y;,
% + 1414 < j < /¢, that includes yo. Each of these shortest paths has to be considered
p(yi) - p(y;) times, since we also have to include the shortest paths from the vertices that
were originally connected to y; and y;. If we sum up all possible p(y;) for a fixed y;,
then we get tright(g +1+4+4) — p(yo). The sum above adds up the values for all shortest
paths that pass through yg.

For every other y;, 0 < i < ¢, we compute the following (starting at y;). Again, the
explanation follows:

CE(yi) =Cg (yi-1)
—p(yi) - t(yi_% mod I+1° Yi—2 mod I+1) (3)

+ P(¥i-1) - t(Yi+1 mod 141, Yitl-1mod 141)-

Basically, the formula CE(y;) takes the just computed value for y;_1, subtracts the
amount of betweenness that is given by all shortest paths that pass through y;_1 but
do not pass through y; and adds the amount of betweenness centrality that is given by
all shortest paths that do not pass through y;_; but do pass through y;. This process
is like shifting a window clockwise, where the window indicates which shortest paths
between which pairs of vertices need to be considered for y;. See Figure 5 for a graphical
representation of the window. The blue colored vertex is the currently treated vertex.
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(a) The window for the here treated ver- (b) The window for the here treated ver-
tex yo tex y1

Figure 5: The window indicating the shortest paths that the treated vertex lies on

The red and green lines between two vertices symbolize that between these vertices there
is a shortest path where the currently treated vertex lies on. In Figure 5a between y;
and yg and y; and y5 there is a shortest path where yo (the treated vertex) lies on. This
is indicated by the two red lines connecting these vertices. Between y2 and yg there is
a shortest path where yg lies on, too. This is indicated by the green line connecting
them. These are all shortest paths that need to be considered for 9. Now, in Figure 5b
we treat the next vertex, y;. Therefore, we shift the window by one step clockwise.
Afterwards, the red lines now connect yo with y9 and yg, because between those pairs
of vertices there now is a shortest path that y; (the treated vertex) lies on. The green
line connects y3 and 1, because between those vertices there is also a shortest path that
includes y;.

Case 2: /is odd This case is slightly different. In Case 1, there is exactly one shortest
path between each pair of vertices. In Case 2, there are pairs of vertices where there
are exactly two shortest paths between them. These are the pairs of vertices which are
opposite or, expressed mathematically, those y;, y;, i < j, where j —i = ng Each
other vertex can only lie on one of these two shortest paths. This is why there is a term
with a factor of % in the formulas. Again, we first compute the betweenness for yg by
constructing a sum. The sum is:

3] )

CHyo) =Y p(yr) - (tright (Y2941 44 mod 141) = P(¥0)) + 5P(Yk) - P(Yr1741)-
k=1

Every other y; is computed recursively as in Case 1. Again, we have pairs of vertices
where there are two shortest paths between them. These need to be treated separately,
which is why there are again two terms with the factor %, one of them being subtracted
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and one being added.

CF (yi) =C5 (yi-1)
1
_ p(yi)(t(yi+[é]+1 mod {+1° Yi—2 mod l+1) - ip(yz_:,_[é} mod l+1))

1
+D(Yi-1) (i1 mod 141 Y | 1)1 mod 141) F 5PWit (1] mod 141))-

Since we only look at each pair of vertices once, all results for Cg (yi), 0 < i</ in
this section have to be doubled. Next, we prove the correctness of Theorem 4.1.

Proof. We will divide the proof of the formula Cg into two parts. In the first part, we
show that the value C5(yo) is correct. This will be our induction basis. In the second
step, we show the correctness of any CE(y;), given that CE(y;—1) is already correct.
Combining both steps will yield the total correctness of the formula Cg. Additionally,
let ¢ > 2, because otherwise, the balloon is a clique and the betweenness centrality of
each vertex in the balloon is zero. At the end, we proof the linear running time of the
computations.

Step 1: CE(yo) is correct First, look at the following observation. The vertex yo lies
on a shortest path between two vertices y;, and y;, if the path v;,,...,v0,v1, ..., ¥i, has a
maximum length of é Otherwise, the path in the opposite direction would be shorter
and, thus, would not include yy. Formally, the inequation

l
i1+l—i2+1§§ (4)

has to be true for all pairs y;,, ¥;,. The value i; is the distance from yg to y;, (clockwise)
while the value (¢ —ig + 1) is the distance from yp to y, (anti-clockwise). Recall, that
we used the following formula to compute Cg(yo):

!
CE(wo) = D p(yr) - (trighe(y1 41.44) — P(y0))-
k=1

In the formula, i1 corresponds to k and s corresponds to é + 14 k. So, for these choices
of i1 and i3 inequality (4) has to be true:

l
i1+l—i2+1§§
l l
= I<:+l—(§+1+k:)+1§5
l l

= k+l—§—1—k+1§§ (5)
= l—£<£
272
= £<£
272
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As we see, the inequality holds.
Since k is bounded by % =1, Y11y =y is the last vertex that is included in the
2 2
formula. For all greater choices of k, y1 ., , would be left to or equal to yo and thus, yo
2

would not be part of the shortest paths from y; to y: This means that we did not

Lt1+k
miss any shortest paths in our computations of Cg(yo)

Step 2: CE(y;) is correct Consider
O (i) = CB(yi1)
—p(vi) - t(yé+1+i mod 1+1° Yl+i—1 mod I+1)

+0(Yi-1) - t (Y144 mod 141, y%Jri,l mod l+1)

All shortest paths that have an endpoint in y; are part of the subtraction. This has to
be done since y; has to lie between the endpoints of the shortest paths and may not be
an endpoint. Next, we have to add all shortest paths where y;_1 is an endpoint. These
shortest paths were not included in C'g (yi—1), because y;—1 was an endpoint of them.
But since y; is not an endpoint from the shortest paths going out from y;_; anymore,
we now have to include these shortest paths. We need the biggest i1, such that y; is
still included in the shortest path from y;_1 to y;, (clockwise). Therefore, we solve the
following inequation. The value i — (i — 1) is the distance from i — 1 to i; (clockwise).
Again, this value must not be greater than g to include y;:

i1 —(i—1) <

<= 11 < —+1¢—1.

N e~ D] =~

Note, that 1 —1 < i <41 < é+i—1. Hence, y; lies between every shortest path from g;_1
to y;,. Since the computations are correct for any CE(y;), given that C5(y;_1) is correct,
and the induction basis states that C’g(yg) is correct, our proof is now complete.

Running time The construction of tyignt and tieg takes O(f) time, if done as in (2). The
evaluation of the formula CE(yo) takes O(¢) time, too. The computation of any C5(y;),
i # 0, needs O(1) time. Thus, the total running time per balloon is O(¢), > 5.5 O(|B|)
for all balloons. Since there cannot be more balloons than vertices in the graph, it holds
that > 5.5 O(|B|) = O(n). O

5 Chains: Dealing with paths

In this part, we will process all chains in G. In Section 3 we already mentioned that we
will run Brandes’ modified algorithm on the graph before processing the chains. In the
next paragraphs, we will explain some details on Brandes’ algorithm and show how we
make use of the algorithm.
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Basically, Brandes’ algorithm performs a breadth first search (bfs) from every vertex
of the graph. Doing one iteration, i.e. one bfs, on any vertex s pairs s with every other
vertex t and constructs every shortest path between s and t. After the iteration the
respective amount of betweenness centrality is added to all vertices v € V on these
shortest paths. Since we use the modified version of Brandes’ algorithm due to Baglioni
et al. [Bag+12], the weight p of each vertex is included in the computations. Thus, the
sum computed by one such bfs is

3 ple) - ply 2,
s;éev‘;ét

We restrict Brandes’ algorithm to vertices of degree at least three, that is, only per-
forming a bfs from each s € V=3 and only considering the shortest paths going out from
these s. If we do this for all s € V=2, then we compute the sum

Ost\U
> p(s) - p(t) (v)
>3 Tst
seV=°teV
SHEVEL

This sum is computed in line 17 of Algorithm 1.
Afterwards, we still have to consider the shortest paths going out from the vertices of
degree two. We have to compute the sum

sEV=2teV
sEVFEL

As all vertices of degree at most one were already deleted, combining both sums yields
the correct betweenness centrality

s,teV

SFEVFEL
This allows us to treat the vertices of degree two separately. Instead of performing one
bfs on every vertex in V=2, we will only perform one bfs on each endpoint of each chain.
These bfs’ are performed when running Brandes’ algorithm on G, since the endpoint
of the chains are of degree at least three. Afterwards we do some extra computations
on the chains and will process all vertices of a chain all together. This is faster than
performing a bfs on each vertex of a chain separately, if the chains are large enough.
The bigger the chains are the bigger the speed up is.

While we perform Brandes’ algorithm on G, we will store some additional information.

These information will help when processing the chains later. For each chain C =
(2,91, ..., ys, 2) € C and each v € V=3 we store

e the distances dg (v, z) and dg(v, 2);
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e the number of shortest paths from v to x (0,,) and from v to z (0,);

e the shortest path(s) from v to z and z, respectively. (These can be stored by storing
the DAG that is created by running Brandes’ algorithm from x or z, respectively.)

5.1 Processing the chains

We assume that we already ran Brandes’ algorithm on G. Thus, for all v € V we

computed the sum
ost(V
> p-pn 2

>3 >3 Ost
seV=°teV=
SHEVFEL

Now, we still have to calculate these sums:

sEV=2teV st
SFEVEL
and (v)
Ost\U
S p(s) - p(ny 2t (7)
>3 =2 Ist
seV=2teV
sFVFEL

Let us first look at the first of the two sums (6). Since all vertices of degree two are
part of exactly one chain, the following is true (Recall, that C is the set of all chains

in G.):
S pe) a2 = S e pn 2 (®)

ag g

sEV=2tcV st SES*(C),teV st
sFVFEL ceC
77 s#vF£L

Splitting the sum We separate the computation of the above sum (8) into three steps.
In every step we handle the shortest paths between different pairs of vertices. The three
steps are:

Step 1 Shortest paths between each chain and each vertex of degree at least three (9)
Step 2 Shortest paths between each pair of two chains (10)
Step 3 Shortest paths between each two vertices in a single chain (11)

Splitting the sum will result in the following sub sums, each of them being computed in
the respective step above:

s€S*(C),teV
ceC
s#vF£L
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s€8*(C),tevV=3
cecC
sF#VF£L

Ost\U
Y e = (10)
s€S8*(C1),teS*(Ca)
C1,02€C
C1#£C2
sFVF£L

+ Y ws) e (1)

Each of the above steps and its respective sub sum is computed in a separate sub section,
in the given order.

Before we show to compute (9) - (11), look at (7). This sum still needs to be considered.
Therefore, we will make use of the symmetry of shortest paths:

DI ORGSO OIS S O POk

Ost Ost Ost
sEVZ3 V=2 3 SEV=2tcV>3 ® s€S*(C) teVZ3 s
SFVFEL sFVFEL ceC
SHVFL
(12)

This sum is already computed in Step 1 (9). Thus, we just need to multiply the results
of Step 1 by two to also include this sum.

For each C' = (z,y1,...,y¢,2) € C we construct two tables tier, and tyighe similar to
the tables constructed for each balloon in Section 4. These tables store the amount of
vertices that were connected to the vertices yi,...,y; or yi, ..., ye, , respectively. We will
make use of them in the following subsections:

0,ifi<lori>¢
tleft (vi) = S (1), if i =1
tieft (Yi—1) + p(yi), otherwise
0,ifi<lori>/¢
tright (¥i) = S p(ye), if i =4
trignt (Yit1) + p(yi), otherwise

5.2 Step 1: Shortest paths between chains and vertices of degree greater
than two
In this step, for every v € V, we calculate sum (9) :

Z ast(v) .

-3 Ost
SES*(C) teV=s
ceC
sFVFEL
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Residual Graph

Figure 6: Chain C' and vertex v

The respective line in Algorithm 1 is line 22.

We will look at all shortest paths between each chain and each vertex of degree at
least two. On these shortest paths, there are vertices which are part of the chain, i.e.
which are inside the chain, and there are vertices which are outside the chain. We split
our computations into two parts. In the first part we will show how to increase the
betweenness centrality of the vertices outside the chain. In the second part we will look
at the vertices inside the chain.

Vertices outside the chain For every chain C' = (z,y1,...,ys, 2) € C we look at every
ve V\S*C) =V \{yi,..,y}. From every y;, 1 < i < ¢, there are some shortest
paths to v, each of them either passing through x or z. To determine the exact number
of shortest paths to v through x and z, respectively, we have to determine the “middle
index” of chain C. That is iniq € Q, 0 < ipiq < £, such that the shortest paths from all
vertices y; with ¢ < ip;q to v pass through x and the shortest paths from all vertices y;
with ¢ > ipiq to v pass through z. If iyq is an integer, then the vertex y; ., exists.
Then, from y; ., there are some shortest paths to v, which pass x and some, which
pass z. Otherwise, there is no vertex y; ... Additionally, let i.r;, be the largest integer
such that ijef; < imiq and let ien; be the smallest integer such that ign; > 4mia. See
Figure 6 for an illustration.
To calculate 71,4, we solve the following equation:

dg(’(),$) + tmid = dg(v, Z) +4+1—ima

dg(v,z) + 0+ 1 —dg(v,x)
2

<~ Tmid =
The term dg (v, x) 4 imiq is the length of the path from v to iniq entering C' via x, while

dg(v,z) + €+ 1 — ipq is the length of the path from v to ip;q entering C' via z. We
basically determine the middle of the chain and then shift that middle to the left (or
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right) by half of the difference of the distances between v and = and v and z. If ip;q
should be smaller than one or greater than ¢, we set it to one or £, respectively.

Recall that we stored the amount of shortest paths from x and z to v and the shortest
paths itself in Section 5.1. From x to v, there are o4, shortest paths and from z to v,
there are o, shortest paths. From each y; there are o, or o,, shortest paths to v, too,
depending on wheter i < 4y Or 4 > 4right, because between each y; and z or z, there
is exactly one shortest path. We also want to take into account the vertices that were
originally connected to v and each y;. There were p(v) vertices originally connected to v
(including v) and there were p(y;) vertices originally connected to each y; (including y;).
When we sum up all p(y;), we get tiofs(Yirer,) if 7 < dleft, OT tright (Yisigne) if @ > dright-
For each vertex w lying on a shortest path between x and v or z and v, increase its
betweenness centrality by

Z p(i)P(v)am(w) = tleft (Yirer, ) 'p(v)am(w)

1<i<ijefs " -
or
Z p(i)p(v) Uzav(w) = tright(yiright) p(v) UZ(;)(w),
Tright <60 - .
respectively.

If ;.4 exists, then we add a value of

Oz (W) + 02y (W)
Ogv + Oy

P(Yina)2(V) (13)

to every w € V=3 which lies on a path to from z to v or on a path from z to v.

Vertices inside the chain The above computations only increase the betweenness cen-
trality of vertices outside the chain. For vertices in C' the computations are different.
Each y; € S*(C) is included in all shortest paths from vertices between y; and y;_., to v.
Thus, for y;, we have to increase its betweenness centrality by

(blott (Yire, ) — trefe (7)) - p(v)

if 4 < imiq, and by
(bright (Yirigne) — tright (1)) - p(v)
if 4 > 4mid.
If y; ., exists, then we additionally have to increase the betweenness centrality of
each y; by

Ozxv

. . . /l} e —
p(yzmld) p( )U;w o,
if 4 < 4miq, and by
Ozv

P . v)————
p(yzmld) p( )U;w o,
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if ¢ > 4yiq, since there are paths from y; ., to v either passing through x or z and each y;
can be included in only one of these paths. If ¢ = 4,9, then we do not increase its
betweenness centrality at all, because there are no shortest paths passing through y; ...

We now have considered each shortest path between v and vertices y; of chain C' and
increased the betweenness of every vertex w lying on these paths by their respective
amount.

As shown in (12), all results have to be added twice to the betweenness centrality of
the respective vertex. Next, we proof the correctness of the computations done in Step 1
by proving the following lemma:

Lemma 5.1. In Step 1 we compute for each v € V

Z ost(v)
oot ost

s€C,teVv23
cec

Proof. We will split the proof into two parts. In the first, we show the proof for the
vertices outside the chain. In the second part, we show the proof for the vertices inside
the chain.

Vertices outside the chain Before beginning with the proof, we define the following:

Ozxu (w)+Uzv ('w)

) p(yimid)p(v)ﬁ, if y;,_., exists
W, bmid) = ) zv Zv
Jolw, tmia) {O, otherwise

The function f, represents the amount of betweenness that needs to be added to vertex
w e V\S*(V)\{v} according to (13), depending of whether y; ., exists or not. For f,,,
the following holds (if y; ., exists):

el) o), ooy Pt ™)

fo (w, Z.mid) = p(yimid )p(v)
Ozv + Ozv Oyi iq?

This is true, since from y; ., to v there are shortest path through both z and z. Thus,
the number of shortest paths from y; ., to v is the number of shortest paths from x to v
plus the number of shortest paths from z to v.

For each C = (x,y1,...,ys,2) € C, each v € V=3 and each w € V' \ S*(C) \ {v} we
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compute the following term in Step 1:

O oW O zp\W .
b (i) L) 722 >+tright<yz-ﬁgm>-p<v> U( Db fow)
i 0‘$’u A w .
95 ) S pp) 2 4 fyuw, i)
1<k <oty w iright <k <l v
ii v v \W .
DS o) S plap0) 228 i)
lgkgileft Zrlght<k<€ Yk
Oypo(W
-y p<yk>p<v>y;”
1<k<¢ Yk
Oy (W
= > zﬁyhﬂv)ig()
yES*(C) ve

(i): by construction of tief, and trigns

(ii): From each yi, 1 < k < djef;, there is one shortest path to z. From z there are o,
shortest paths to v. Thus, from each yg, there are o, shortest paths to v, too.
S0, 04y = 0y, is true. Since these shortest paths also include the same vertices
outside the chain and w is outside the chain, too, o4, (w) = oy, (w) is also true.
For each y, iright < k < £, this works analogously.

We do this for each C' € C and for each v € V=3 \{w}:

X T B s

g g,
CECveV23 yes*(C yv cec yv
yeS*(C) weV>3

yFwty

Because y € V=2 and w € V=3, y # w is true. Since v € V=3 \{w}, v # w is true, too.

Vertices inside the chain Now, we look at the vertices inside the chain, i.e. y; € S*(C).
According to our procedure in Step 1, for each C = (x,91,...,9¢,2) € C and v € V=3,
we have to increase the betweenness centrality of y;, 1 < i < i, by the following value
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(The proof for igny < i < ¢ works analogously.):

(b1t (Yireg, ) — tlefs (1)) (V) + fo(w, imia)

=( > pluw) = D pe))p) + fo(w, imia)

1<k<ileft 1<k<i
=( Y. pwe)p®) + folw,imia)
1<k<ijeft
(iif) Oy Yi .
D> p(yk>y;”“)>p<v>+fv<w,zmid>
i<k<ilet; Yrv
(iv) Oyo\Yi) yz O'ykv yz)
= (> plu + > o
1<k<ilef; 1<k<i Tyrv
P pl e y”) (0) + folw. imia)
iright <K</ Tyiv
ag Yi
=) p(yk»)ygv(l)p(v)
1<k<t Yrv
itk
Oyu\Y
= Y w7
y€S*(C) yv
YAYi

(iii): From each yg, i < k < ijeg, there are some shortest paths to v. These shortest

paths all leave chain C' through x, which means that y; is part of these shortest
O—ykv(yi) — 1

paths. Hence, 0y, ,(yi) = 0y0 = Oypv

(iv): From each yi, 1 < k < 4, there are some shortest paths to v. These shortest paths
all leave chain C' through z. But since k < ¢, y; is not part of these shortest paths

N — Typv(¥i) _
and oy, ,(y;) = 0 and i 0.

From each yp, irgnt < k < £, the shortest paths to v leave the chain through z.
Thus, y; is not part of these shortest paths, which means that oy, ,(y;) = 0 and
U'ykv(yi) =0

Oyjv .

Again, we do this for each C' € C and for each v € V=3 \{w}:

IS N e W T

o
CECveV23 yesS*(C v ceC yu
yeS*(C)wev3
yFwFv

Running time The running time of Step 1 depends on the number of chains and on

the number of vertices that have a degree of at least three. For each chain and each
vertex of degree at least three, we have to increase the betweenness centrality of each
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vertex lying on the shortest paths between the chain and the vertex. The number of the
vertices lying on those shortest paths depends on n. Since we can bound the number of
chains in the graph and the vertices of degree at least three in the graph by the feedback
edge number k, the following holds: O(|C| - |V=3]-n) = O(k? - n) time. O

We will now continue with Step 2.

5.3 Step 2: Shortest paths between pairs of chains

In this section, we compute sum (10):

> pls) - pt) 224,

C1,C2eC
5€S5*(C1),teS*(Ca)
C1#Cs
SHEVFL

by considering all shortest paths between each pair of chains. This corresponds to line 26
in Algorithm 1.

As mentioned above every vertex of degree two is part of exactly one chain. Thus, if
we compute all shortest paths between the vertices of each pair of chains and add the
betweenness centrality to the vertices lying on these paths and do the same for all pairs
of vertices within one chain, we have also considered all shortest paths between vertices
of degree two. In this step, we will only look at the pairs of vertices between two chains.

Let C1 = (2,y1, .., Ye,, 2) and Co = (a, by, ..., by,, ¢) be any pair of two different chains
and let 1 <i < ¢ and 1 < j < ly. Also, let I ., = % — (dg(z,bj) — dg(z,b;)) be the
index such that all shortest paths from vertices y;, ¢ < Ignid, to b; leave C7 through z and
all shortest paths from vertices y;, i > Iﬂli 4 to bj leave C through z. For easier reading,

let yfnid =Yy The shortest paths from yfnid, if existing, to b; leave C through x or z.

Additionally, let Iljéft be the largest integer such that Iljéft < I;id and let Ifight be the

smallest integer such that r

j . . . ] _ i
vight > Imiq- Again, for easier reading, let yj, =y and

. left
yﬁight = ylﬁight‘

Now look at a shortest path from any y € S*(C1) to any b € S*(C3). This shortest
path can leave C] through either z or z and enter Cs through either a or ¢. This leads to
four possible combinations of vertices that a shortest path from y to b has to pass. We
distinguish these four combinations in four cases. In Figure 7 are the four cases. The
lines between the vertices x or z and a or ¢ represent the shortest paths between those
vertices. In Figure 7a, for example, the shortest paths from vertices y; to b; leave C;
through x or z, respectively, depending of whether i < Iﬁli q ori > Iﬁnd and enter Cy
via a. We have to distinguish these cases, because in each of the four cases we have to
do different computations. These computations follow in the next paragraphs. Now the
cases follow:

e Case 1 (see Figure Ta)
The shortest paths from z to b; and from z to b; both enter Cs through a.

28



(c) Case 3

Figure 7: The four possible cases

e Case 2 (see Figure 7hb)
The shortest paths from z to b; enter C through a while the shortest paths from
z to b; enter Co through c.

e Case 3 (see Figure 7c)
The shortest paths from x to b; enter C through c while the shortest paths from
z to b; enter C through a.

e Case 4 (see Figure 7d)
The shortest paths from x to b; and from z to b; both enter Cs through c.

A case applies for a vertex bj, 1 < j < /, if the shortest paths from = and z to b;
behave as described in the respective case. Depending on the case that applies for a
given bj, the case that applies for the following bj;/, 5" > j, is restricted:

If for a vertex b; either Case 2 or & applies, then for b;/, j' > j, there can only apply
Case 4 (or still Case 2 or 3, respectively). If for a vertex b; Case 4 applies, then for bj,
4" > j, no other case applies. This is proven in Section 5.3.

We now group the vertices in Cy by the case which applies for them. Since the order
in which the cases apply is fixed we can calculate indices j1, jo, 1 < j1 < jo < fo + 1,
such that for every b;, 7 < j1, Case 1 applies, for every b;, j1 < j < ja2, either Case 2
or 3 applies and for every b;, jo < j < /o, Case 4 applies.
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We first compute j;. For each 1 < j < j; the length of the path from b; to x by
leaving (3 via a has to be smaller than the length of the path from b; to x by leaving Co
via ¢, and the length of the path from b; to z by leaving Cs via a has to be smaller than
the length of the path from b; to z by leaving Cs via c. This results in two inequalities
to be true:

dg(a,z) +j <dg(c,x) +la+1—j
da(c,z) +lo+1—dg(a,x)
2

— j<
and
da(a,z) +j <dg(e,z) +la+1—3j
dg(c,z) +lo+1—dg(a,z)-
2
Both of the above inequalities result in a value for j. We need the smaller of the two
results, thus:

= 7 <

da(c,x) + e+ 1 —dg(a,z) dg(e,z) +4la+1—dg(a,z)
2 ’ 2 g
The inequalities for jo are analogous, we just have to replace the smaller-than symbol
by a greater-than symbol. So, for jo, we get

C . . da(c,z) + o+ 1 —dgla,x) dal(c,z)+blo+1—da(a,z
J > j2 = min{/s, max{ ale,7) 22 ol ), a(c:2) 22 a( )}}.

Jj < j1 = min{l,

For the different cases we have to do different computations. Again, we split these
computations depending of whether the vertices are outside the chains or inside the
chains:

Vertices outside the chain (I)

Case I.1 Recall, that C1 = (2,y1,...,ys,,2) and Ca = (a, b1, ..., by,, ¢). In this case, the
shortest paths from the vertices yg,, k1 < Ii.g, and yg,, ko > Ir]ight’ toeach bj, 1 < j < jy,
leave C through x or z, respectively, and enter C'y through a. Thus, between each y,
or yi, and each b; there are o, or o, shortest paths, respectively. Since we also need to
take into account the vertices that were originally connected to the respective vertices,
we have to multiply these values by p(b;) and by p(yx,) or p(yk,). We have to increase

the betweenness centrality of w € V' lying on a shortest path from z to a by the following;:

X ™ = S i ott)

— . za — . Oza
1S7<Ur1<k<Ii,, 1<5<i1

But for Case 1, Iﬂ)ft = If;ft and Ifight = Ifilght holds for any 7,5’, 1 < j,7 < j1, since the
difference of the distances dg(z,b;) and dg(z,b;) stays constant for all 1 < j < j; (this

i i .
also means that y; ¢ = ¥j.¢ and yy aht = yright). Thus:

; Oza(W — Oza(W
E treft (Yo, )2(D5) za( ):tleft(yljelftl)‘tleft(bjlfl) za )- (14)
1<i2s Oza Ozxa
SI<I1
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If w € V lies on a shortest path from z to a, then the circumstances are analogous.
Summarizing our results, we have to increase the betweenness centrality of every
w e V\ (8*(C1) U S*(Cq)) lying on a shortest path from z to a by

Oza(W)

Oza

j1—1
tlefs (Uoge ) - blefs (Dj—1) -
and the betweenness centrality of every w lying on a shortest path from z to a by

0 za(W) .

-1
tright(ygilght) “tiefs (bj—1) - o
za

The distance from yiﬁd, if existing, to = is the same as to z. Thus, from this vertex
there are 0., shortest paths to b; leaving C7 through = and o, shortest paths to b;
leaving C through z. For each vertex w lying on at least one of these paths we have to
increase its betweenness centrality by

Opa(W) + 04q(w) .

Oxa + 0zq

Pa") + tiete (b —1) (15)

Case 1.2 (and 1.3) If Case 2 applies, between the vertices yi,, k1 < Iljeft and yp,,
ko > Igight and each bj, j1 < j < j2, there are 0., or o, shortest paths, respectively,
because the shortest paths from yg, to b; leave C through = and enter C via a while
the shortest paths from y, to b; leave C; through z and enter Cs via ¢

-/

This time, we have Iljéft # I, and Iﬁight # Irjilght for j # j'. This means, that we
have to create a sum over all b; and cannot replace this sum by a single term as done in
equation (14) in Case 1 above. We have to increase the betweenness centrality of every

w e V\ (8*(C1) U S*(Cy)) lying on a shortest path from z to a by

Z tleft(yllfeft) p(bk) . U:L’a(w)

(o2
J1<k<ja ra

and the betweenness centrality of every w lying on a shortest path from z to ¢ by

Z bright (yfight) - p(br) -

J1<k<j2

0zc(w)

Ozc

Also, if yﬂlid exists, we have to increase the betweenness centrality of each w lying on a
shortest paths from x to a or from z to ¢ by

S plykia) - plbr) - 7

J1<k<j2

(W) + 02¢(w)
Oga + Ozc '

(16)

Case 1.3 is analogous to Case 1.2: We only have to replace all appearances of g, in
the above formulas by o,. and all appearances of o,. by 0,,. This needs to be done,
since in Case 3 all shortest paths from vertices on the left of yilid to bj enter Cs via ¢
instead via a, and all shortest paths from vertices on the right of yiﬁd to b; enter Co
via a instead via c.
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Case 1.4 Case 1.4 is analogous to Case 1.1: In the formulas of Case 1.1, we only need
to replace j;1 — 1 by j2 and a by ¢. This has to be done because in Case 4 all shortest
paths leaving C enter Co through ¢ (instead of a as in Case 1).

Vertices inside the chain (Il) In the above case distinction we only increased the
betweenness centrality of vertices outside both chains. For the vertices inside the chains
we have to do slightly different computations in the particular cases. We only increase
the betweenness centrality of the vertices in (s and then double this value. Because we
look at each pair of chains twice (with switched C} and Cb), this still produces correct
results.

Case Il.1 As already mentioned in Case 1.1 above between each y € € and each b;,
1 < j < ji, there are shortest paths which all enter Cy via a. Hence, any by, j' < j,
lies on all these shortest paths. The total amount of shortest paths that any b lies on
is the number of vertices in C (plus those, who were originally connected to vertices
in C1) multiplied by the number of vertices between bj and b;, (plus those, who were
originally connected to them). This is

S ople) - Y pr) = (tiere(bj, 1) — tiese (bj7) - trest (ye,) (17)

J'<k<j1 1<k<l,

shortest paths in total. We have to increase the betweenness centrality of each such b
by this amount.

Case 11.2 (and Case 11.3) All shortest paths from vertices yi,, k1 < Iljeft to bj, j1 <

J < j2, enter Cy via a and all shortest paths from vertices yy,, k2 > I 51 aht”

via z. The shortest paths from the vertex yfni q to by, if existing, enter Cy through either a
or ¢ according to whether leaving C; via x or z. We need to consider the vertices in Co
differently, depending on whether their index is smaller than j; (Case I1.2.1), greater
than js (Case I1.2.2) or between j; and jo (Case 11.2.3).

to b; enter Co

Case 1.2.1 If 1 < j' < ji, then by lies on all shortest paths that enter Co via a.
Summing over all b;, j1 < j < j2, the total amount of these shortest paths is:

J2—1
D tief (Wiege)P(br)- (18)

k=j1

We have to increase the betweenness centrality of each b, by this value.

Case 11.2.2 If jo < j' < /4o, then by lies on all shortest paths that enter Cy via c.
Summing over all b;, the total amount of those shortest paths is:

jo—1
Z tright (yfight)p(bk)' (19)

k=j1
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Again, we have to increase the betweenness centrality of each b, by this value.

Case 11.2.3 Now we look at each by, j1 < j' < ja. Each bjs lies on all shortest paths
that enter Cy via a and end in any b; with j/ < j < jo, and on all shortest paths that
enter Cy through ¢ and end in any vertex b; with j; < j < j'. The total amount of all
these shortest paths is:

Jo—1 Jj—1
Z tleft(yllfeft)p(bk) + Z tright(yfight)p(bk‘)’ (20)
k=j+1 k=31

which is the value by which the betweenness centrality of each b; has to be increased.

If yiﬁd exists, then we additionally have to increase the betweenness centrality of
each b, 1 < j' < o, by

ok (D)
k ymi b J
> p(ylsa)p(br) =
) ) Oyk
]1§k<]2 Ymid %k

Case 3 is analogous.

Case 4 This case is analogous to Case 1. We increase the betweenness centrality of
each bj, jo < j <lg, by

2 (tright(bjg) - tright(bj)) ' tleft(yh)' (21)

We now increased the betweenness centrality of each vertex lying between any two
chains. Next, we proof the correctness of Step 2 by proving the following lemma:

Lemma 5.2. In Step 2 we compute for each v € V

y o =
g
C1,C02€C st
5€5*(C1),t€S*(Ca)
C1#C2

sFVFEL

Proof. Between every vertex in C7 and each b € S*(C3) there are some shortest paths.
We first show that we can distinguish these shortest paths through the four cases men-
tioned in Step 2. Next, we show that there are only two possible orders in which the cases
can appear. Last, we show that the computations in the respective cases are correct.

The shortest paths from C to any b can start in one vertex yg,, k1 < lieft, Ykys
ka > Iight or in ymiq. Every shortest path from yg, to b leaves Cy through x and
enters Cy through either a or ¢ and every shortest path from y, to b leaves C'; through z
and enters Cy through either a or ¢. The shortest paths from y,;q, if existing, can both
leave C] via x and z and enter C'y via a or ¢. This results in the four possible combinations
already mentioned:

e Case 1: The shortest paths from y to b which leave C] through x enter C5 through a
and the shortest paths which leave C; through z enter Cy through a, too.
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e Case 2: The shortest paths from y to b which leave C] through x enter C5 through a
and the shortest paths which leave C through z enter Cy through c.

e (lase 3: The shortest paths from y to b which leave C; through x enter Cy through ¢
and the shortest paths which leave C} through z enter Cy through a.

e (Case 4: The shortest paths from y to b which leave C; through x enter C5 through ¢
and the shortest paths which leave Cy through z enter Cy through ¢, too.

We will now show that the cases that may apply for a vertex by, 1 < j < j' < lo, are
restricted, depending on the case that applied for b;.

If Case 2 applies for bj, then for b; there can only apply either, still, Case 2 or
Case 4. With increasing j the distance dg(b;,a) becomes greater and the distance
dg(bj, ¢) becomes smaller. Thus, only the shortest paths from Cy to Co which enter Co
through a can be replaced by an even shorter path, because the shortest paths which
enter Cy through ¢ become smaller as dg(b;, c) becomes smaller. The only case which
then is possible is Case 4. For Case 3, the circumstances are analogous.

If Case 4 applies for b;, then for b;; there cannot apply any other case than Case 4:
The distance dg(bj,c) becomes smaller with increasing j. Thus, there cannot be any
other shortest paths from C to b; which are even shorter, because in Case 4 all shortest
paths from C; to b; enter Cs via c.

Summarized, for increasing indices, from Case I we can transition into either Case 2, 3
or 4. From Case 2 or 8 we can only transition into Case 4 and from Case 4 we cannot
transition into any other case. Thus, we can separate Cy by indexes ji, j2, j1 < jo2, such
that for every b;, 1 < j < j1 Case 1 applies, for every b;, j1 < j < ja, either Case 2 or &
applies and for every b;, jo < j <o, Case 4 applies.

We now show that we do the correct computations for calculating the betweenness
centrality in the four cases for v € V. We will begin with the proof for the vertices
outside C'y and Cs. First, we will look at each case separately. Then, we will sum up
the results of the different cases and show the correctness of the computations we did in
this section. Afterwards, we do the same for the vertices inside C7 and Cs.

Vertices outside the chain (I) As done in the proof for Step 1, we first define a
function f. This function represents the amount of betweenness that has to be added
to w for the shortest paths between b; € Cy and y! ., € Ci in each of the three cases

if yfn .q €xists, according to the formulas (15) and (16).

P(Ykia) - brose(bj, 1) T2l tozale), if Ypyiq exists and 1 < j <y

Tra + zc M j ] - - -

flw,j) = > i <k<jo P(yhia) - p(br)” UZU3+ZZC(W)’ if yinid exists and ji < j < ja
’ p(yf;fid) -tleft(bjl,l)%, if y) ., exists and jo < j < fo

0, otherwise
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We already show some equalities for f, which are needed in the proofs of the four cases,
following in the next paragraphs just after these equalities. If Case 1 applies for j, then:

. Oza(w) + 00w oy, (W)
F(w,5) = p(Umia) - et (bj—1) sa() + 0z0(W) = Z Pyt i) p(by) —Lmid -~
Ogza + 0zq ag,1
1<k<j1 Ymiabk
If Case 2 or 3 applies for j, then:
Oyk (w)

fw,j) = Z p(yfnid) ‘p(bk)am(w) + 0c(w) _ Z p(yfnid) p(by) Ypmia Ok

. . Oga + Ozc . . O,k p
Jlgk<]2 ]1Sk<,]2 Ymid %k

If Case 4 applies for j, then:

g ZQ' b (w)
= > pHaaIp(by)

1§k<j1 ymidbk

Ope(W) + 04 (w)
Oxc+ 0z

Fw, 5) = p(yiq) - trese (bj, 1)

Recall, that for all vertices bj, 1 < j < j1, Case 1 applies, for all vertices b, j1 < j < jo,
either Case 2 or 3 applies and for all vertices b;, jo < j < {2, Case 4 applies.
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Case I.1 According to our computations in Step 2, we have to increase the betweenness
centrality of each vertex w outside C and Cs by:

g
za() + tmght(ymght) tlefe (bj—1) -

treft (Vo) * brefe (Bj1—1) - am -

—~

i) o O za(W) ,
= ) tiee(Uies)P(b,y) zal + D tright (Wigne)P(k,) Z; + f(w, j)
1<k’1<j1 1<k1<]1

Z Z P(Yrs )P (O, ) UQ;,L (w)

1<ki<j1 1<ko<IL, e

FY Y et ¢ fw, )

1<k1<ju 1% 4 <ko<ty =

Z Z P(Yry)p(by ) yfbkl -

1<ki<j1 1<ko<IL, Yk iy
Ty b, (W) )
+ > D plum)p(br) =+ f(w, )
1<ki<ji I | <ko<ty Yhy Oky
rig
Oy, by (w)
= Z ( Z (ykz)p(bkl)jil
1<k1<j1 1<ka<ILg, Yk iy
Ty, b, (W) )
+ ) p(ykz)p(bkl)%%rf(w,])
I} e <ha<ty Yk Oy
Oy, b, (W)
= D > plomp(be) =
1<ki<j1 1<kz2<f; Yks Ok
Ty, (W)
S pyplbe,)——
1<k1<j1 y€S*(Ch) Tybr,

(i): by definition of tier and trignt

(ii): From each yg, 1 < k < I, there is one shortest path to z and from each y,
Imght < k < fq, there is one shortest path to z. From x there are ., shortest
paths to @ and from z there are o,, shortest paths to a. From a there is one
shortest path to b;, 1 < j < ji. Thus, from each y;, there are 0., or 0., shortest
paths to bj, too, respectively. So, 0z = oy, (1 < k < Il;) and 0,4 = Tyib;
(I ight < k < £1) is true.

T

36



Case 1.2 (1.3 is analogous) In Case 1.2 (or 1.3) we have to increase the betweenness
centrality of each vertex w outside C and Cs by:

= Tua(W) | R~ ‘ 0-e(w)
Z tleft y]eft bkl) a:gm + Z tright(yrjlght) 'p(bkl) : ZOC_ + f(’w,j)
k1=j1 k‘l—j1

Z Z ka bkl Uxa + Z Z p(ykz )p<bk1>gzoc_(w>

1<k1<j2 1<y <t J1<k1<g2 1’“1 <ka<ty

left
analog

to (ii b (w)
l) Z Z P(Ykz )P (bry ) yng .

Yko bl
T1<k1<iz 1<y < 27

+ Z Z p(y;w)p(bkl)w +f(w’j)

Oyi,b
. . Yko Ok
N1<k1<j2 Irki:gmﬁkﬁfl 27"

Ty iy (W)
= > (> p(ykz)p(bkl)%
1<k1<j2 1<k2<11 L Ykg Oy

Oyr, b, (w)

+ Y plyk)p(be) )+ f(w,7)
1 Ty, bry
Ik <ka<ty
Oypyb (w)
Z Z yk2 bkl %
J1<k1<j2 1<ka<ty Yo Okq
Oyby, (w)
o> pplbr)
J1<k1<j2 y€S*(C1) Tyby,
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Case 1.4 We have to increase the betweenness centrality of each vertex w lying outside
the chain by the following amount:

: Oze(w) ; 0zc(w) ,
tleft (Yiage) * bright (bja) - ——— + tright(yﬁfght) tright (b) - = + f(w, )
xc zC

0 )2 Ozc(w)
= Z tleft (yleft) (b LEC + Z rlght yrlght (bk1) ZOC_ + f(w ])

j2<k1<€2 j2<k1<€2 e
0 Oc(W)
DS )

J2sk1=be 1<py< 12 v

left

+ oYy p(ykzz)p(bh)gZ;(w)+f(w’j)

zc

jo<ki</lo 1
RSl <k <o
analog
to (ii) Oyrgbry (w)
- E E yk2 bkl)
Oy b
]2<k1 <32 1<k2<1.72 2771

left

+ Z Z p(yk2)p(bk1)w +f(w’j)

) Oy, b
o <k1</ Yk Oky
skt 2, <k. <ty
yk2bk1( )
= > (Y. plue)pbe)
Ty, b
J2ski<le 1<, <2 27

left

+ Z p(ykz)p(bkl)w) + f(wv.])

Yko by
Ir12ght<k‘2§€1
Uyk25k1 (w)
§ § ykz bk1 o
Ja<k1<ls 1<ky<l Yka Oy
bekl (w)
= > > puplby)—
Oyb
Ja<k1<la yeS*(Ch) Yok1

If we combine the three sums and add them up, then we get the following:

S Y s S e 2

1<k<j1 yeS*(C1) Ty 1<k<j2 yeS*(Cr) v
ag. w
+ >3 p(y)p(bk)‘i"“()
Jo<k<ty ycS*(C1) ub (22)
> Y sl 7
1<k<tla yeS*(Cq) v
g w
> Y swem
beS*(Ca) yeS*(Ch) v
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Since we compute this sum for each Cy,Cs € C, Cy # Co:

XYY o™= e

C17£C2€C beS*(C2) ye5*(Ch) Tyb yES*(C1),bES* (C2)
C1,02eC
Cr#Co
yFwtb

It holds that y # w and w # b because w is a vertex outside of C7 and Cs.
Next, we show the proof for the vertices inside the chain.

Vertices inside the chain (1)

Case Il.1 We begin with the proof of the computations done in Case II.1. For b;,
1 < j <71, this is the term:

(t1eft (b1 —1) — tiefe (D5)) - tiers (Ye, )

DS s - 3 o) S p)

1<k<j1 1<k<j y€S*(C1)

2. 2.

J<k<j1yeS*(C1)

Z S bek(bj)

o
J<k<ji1yeS*(C1) vk

111) Z Z bek (bj) + | p(y)p(bk)aybk (bj)

g
J<k<ji y€S*(C1) ybx 1

D p(y)p@k)M

g
1<k<j1 yeS™(C1) uok
J#k

IA
B
A

<

<
m
n
*
Q

(i): by definition of tieg and tyigns

ayb,, (b))

(ii): If j < k < 71, o2b

yby

enter Cy through a and b; is between a and by (because j < k < ji) and, thus,
part of all shortest paths from y to by.

= 1, since in Case 1 all shortest paths from y € S*(C1) to by

(iii): If 1 <k < 4, oy, (bj) = 0, since in Case 1 all shortest paths from y € S*(C1) to by,
enter Co through a and b; is not between a and by, (because k < j).

Case 11.2 (11.3 is analogous) For Case I1.2, depending on the index j, 1 < j < {5, we
have to do different computations for b;. But before, we define

> (Yps)P(b )Uyﬁﬂdbk(bj) if i/ | exist
1) = j1<k<jo P\Ymid JP\Ok kb Ymid :
0, otherwise
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because again, yili 4 may or may not exist and thus, its contribution to the betweenness
centrality of the other vertices may be zero.

Case 11.2.1 1If 1 < j < ji, then we have to compute term (18):

Z trott (oo )P (br) + £(J)

j1<k<j2

Z Z ka bk1)+f( )

NEk<iz 1<py <1l

1
iga(ﬁ)g Oyrobiy (b5) .
= Z Z ka bk1)o_7+f(.])
J1<k1<j2 1<k2<11 L yk2bk1
1
?c][)la(Li(i)ig); Oyrybry (bj)
=7 ) (D> pluk)p(bey) B —
J1<k1<j2 1<k2<1 yk2bk1

left

o b;
+ 3 plyep () 22 )y )

Yhg by
nght<k2<€1
Z Z P(Yr, )P kl)o_i
J1<k1<j2 1<ka<{s Yo iy
Oyby, (bj)
Z Z p(y>p(bk1)T
J1<k1<j2 y€S*(Ch) ybi,

Case 11.2.2 If j, < j < {5, then we have to compute term (19):

Z tright(yfight)p(bk) + f(])

J1<k<ja2
analog to .
Case 11.2.1 b Oyby, (bj)
= Y. > pwwlb)— ,
J1<k1<j2 y€S*(C1) YOk,
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Case 11.2.3 If j; < j < jo, then we have to compute term (20):

D tienWie)p(Ok) + D tright (Uign)P(0r) + f(5)

j<k<jo J1<k<y

(),

analog

(i) Oy, b, (05)

Yko bk
I<k1<i2 1<y < 27

+ Y% p(ue (b 222 )

o
NSRS IR <ka<ty ks Py
(iv)
= 2
j<ki1<jo
Ty, by (5) Ty, br, (B5)
Do P pbn) =2 Y p(ks)p(bey) — )
1<ko<I*1 Uhg iy M <po<t Ykobky
2> eft right = 24
+ 2
J1<k1<j
Ty b, (D) Ty, br, (0) .
Z p(ykz)p(blﬂ) — + Z yk2 bk1)L)+f(])
k Tk by Oy bry
I <ka<y 1<ko<IFL
oy, (b5) oyb, (05)
= > (>0 pwpl) =)+ > () py)plbe) =)
j<h<i> yes*(C1) Wk ji<k<j yest(Ch) ub
Tyby, (b5)
. > ppb
J1<k<j2 yeS*(C1) vbk
7k

(iv): If j < k1 < jo and Imght < ko < {1, then Oy i, (bj) = 0 since all shortest paths
from yp, to by, enter Cy through z and b; is not between z and by, (because j < ky).

Ifj <kl <jandl < ks < Ilk}t, then Oy biy (bj) = 0 since all shortest paths
from yg, to b, enter Cy through a and b; is not between a and by, (because
k1 < ])

Independent of the index j in this case, we get the correct result.

Case 11.4 The proof of Case I1.4 is analogous to the proof of Case II.1. We have to
compute the term:

t]right (bjz ) - tright (bj )) - blett (y€1 )
analog to

Case I1.1 Z Z p(y)p(bk)aybk (b])

g
ja<k<ty yeS*(Cy) vbr
J#k
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Combining all cases and doing this for all C,Cy € C, Cy # Cb, is already shown in (22)
and (23).

Running time The running time of Step 2 depends on the cases that apply for each
pair of chains C7, C5. In the best case, only Case 1 or Case 4 apply for the vertices
in C9. In Case 1 or Case 4, the computations for each pair of chains are linear in time,
since we have to increase the betweenness centrality of all vertices which lie on some
shortest path by a constant term and the number of these vertices is dependent from n.
This yields a total running of

( Y 0(1)-0(n)=0(CPn) = O(k*-n)
Cq,02eC
C1#Cs

for Step 2. Recall that we can bound the number of chains in the graph the feedback
edge number k. In the worst case though, only Case 2 or Case 3 apply. In those cases
we have to compute a sum, whose size depends on the length of Cs, rather than a just a
constant term for each pair C7, Cs of chains. Since the length of a chain depends on n,
this results in a total running time of

( Y. O(n)-O(n) = 0K -n?
C1,CQGC
C1#C2

for Step 2. ]

5.4 Step 3: Shortest paths between vertices of a single chain

We now look at each chain separately and consider every shortest path between each
pair of vertices in that chain. The respective sum that we now calculate for every v € V

is the following (see (11)):
> pls) oty 24,

s,teS*(C) st
ceC
s#VF£L
In Algorithm 1, this is displayed in line 29.
Let C = (z,y1,...,ys,2) be any chain. We distinguish the two cases, whether the

shortest paths from yy to y¢ go through C' or not:

Case 1: /—1 < d(z,z)+2 In this case, we can look at C' as a path from y; to y,. For
paths, Unnithan et al. [Unn+14] showed that the betweenness centrality of each vertex
in that path is computed by multiplying the number of vertices left to that vertex by
the number of vertices right to that vertex. Since we also have to take into account the
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vertices originally connected to the vertices in the chain, for each y;, 2 <i < ¢ —1, we
have to increase its betweenness centrality by

Cleft (Z - 1) ’ tright(i + 1)'
No shortest path between the vertices in C' leaves the chain. Hence, we do not have to
increase the betweenness centrality of vertices outside the chain.

Case 2: {—1>d(x,z)+2=d(y1,y¢) Since the distance from y; to y, is smaller than
(or equal to) ¢ (the length of the chain), there may be shortest paths from y; to y; which
leave the chain and go through the vertices x and z. Then, the betweenness centrality
of vertices outside the chain is also affected by the shortest paths between the vertices
in the chain. Formally, for a chain C' = (z,y1,...,ys, 2), the shortest path between y;
and y;, 1 <1 < j </, stays inside C, if the following inequality holds:

j—i<i+l—j+1+dg(z,z2) (24)

In the inequality, the term (j—¢) on the left-hand-side is the length of the path (y, ..., y;),
which is the path from y; to y; that stays inside C. The term (i + ¢ —j + 1+ dg(z, 2))
on the right-hand-side is the length of the path (v;,...,y1, 2, ..., 2, ¢, ...y;), which is the
path from y; to y; that leaves C' and passes trough x and z. Note that in this case there
is exactly one shortest path between y; and y;. If the inequality is not true though, then
we can distinguish two cases: If

j—i>i+l—j+14+dg(z,2) (25)

holds, then the shortest paths from y; to y; pass through z and z. In this case, there
are 0, shortest paths from y; to y;. If

j—i=i+l—j+1+dg(z,2) (26)

is true, then the path inside C' and the path outside C' have the same length and, thus,
are both shortest paths. This results in a total of o,, + 1 shortest paths between y;
and y;.

We will use the above inequalities to construct formulas that compute the betweenness
centrality for all y € §*(C) lying on some shortest paths between the vertices inside C.
Since we want a linear computing time per chain, we use the same approach as in
Section 4: We start by constructing a sum that computes the betweenness centrality
of y1 in linear time. Next, we iteratively compute the betweenness centrality for all
other y; € S*(C) by subtracting the amount of betweenness that is given for shortest
paths that pass through y;_1 but do not pass through y; and adding the amount of
betweenness that is given for shortest paths that do not pass through ;1 but pass
through ;. Each step of the iteration needs constant time. This way we achieve a total
computing time of O(¢) per chain.

After doing so, we still have to handle the vertices lying on some shortest paths
between vertices of C but are not part of C itself. We do this by constructing a sum,
which represents the amount shortest paths that leave C. For each w € V' \ §*(C), we
have to increase its betweenness centrality by a value depending on the constructed sum.
This part has a running time of O(¢ + n) = O(n) per chain.
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Residual Graph

Figure 8: A single chain with both shortest paths staying in the chain (red line) and
leaving the chain (blue line)

Computations for y; The vertex y; can only be part of those shortest paths between y;
and y;, 1 <1i < j </, that leave C, because, otherwise, 1 had to lie between y; and y;,
which is impossible. See Figure 8 for the chain C'. The red lines between the vertices y;
and y; and between y; and y; represent that between those pairs of vertices there is
a shortest path that stays in C. The blue lines between the vertices y; and y; and
between y; and y, indicate that between those pairs of vertices there is a shortest path
leaving the chain. We will create a sum that for each ¢, adds up the number of shortest
paths to each y; leaving C'. In Figure 8 one such shortest paths is represented by the blue
line between y; and y,. The shortest paths from y; to y; leave C, if and only if inequality
(25) holds. We want to find the smallest j, such that the shortest paths between y;
and y; still leave C'. This is achieved by solving inequality (25) for j:

j—i>i+l—j+1+dg(z,2)
(+1+d (27)
S + 1+ G(:E,z)+i

—
2

For easier reading we define

. {+1+dg(z, 2 .
v(i) = 5 cl@:2) |, (28)
Now, we want to find the biggest ¢ such that there still is a y;, ¢« < j < £, such that
there is a shortest path between y; and y; leaving C. Therefore, we again have to solve
inequality (25). This time, we solve it for i and set j = /¢, since we need the biggest
possible y;:

C—i>i+l—0+1+dg(z,2)
(—dg(x,z)—1

— 1<
2

44



Combining the results of both inequalities results that for each ¢, 2 < i < %,

there is a shortest path to each y;, v(i) < j < ¢. If we create a sum over all possible
pairs y;, y; (and also taking into account the vertices originally connected to the graph),
for the betweenness centrality of y; in C, we get:

£—d ,2)— £—d, ,2)—
|fdelna) ol ¢ |fdelna) ol

S o) D] )= D W) teigne (Y y)

i=2 J=l)] i=2

But the above sum only considers these pairs of vertices y; and y;, 1 <i < j </, for
which all shortest path between them leave C'. We still need to consider those pairs,
where there is a shortest path between them staying in C' and some shortest paths
leaving C. In Figure 8 this is the case between the vertices y; and y; since there is
both a red line and a blue line connecting y; and y;. Those pairs do not necessarily
exist: Whether they exist or not depends on the length of the chain, ¢, and the distance
between = and z, dg(z, z), as we will see later (in (29)). For now, assume those pairs
exist. We need to look at equation (26) again. For each i, there can exist only one j,
such that between y; and y; there are both shortest paths leaving C' and staying in C'.
We determine that j by solving equation (26) for j:

j—i=i+l—j+1+dg(z,2)

(+1+d
it +2G(:ﬂ,z>JrZ

—

This is the same result as in inequality (27) and already defined in (28). So, between y;
and y.(;), if () is an integer and y,(;) exists, there is exactly one shortest path staying
in C' and there are 0., shortest paths leaving C'. The vertex y; lies on all the shortest
paths leaving C' but not on that shortest path staying in C. This results in a value
of a::jrl for each pair y; and y,(;) to add to the betweenness centrality of y;.
Combining all results, for the betweenness centrality of y; in C, Cg(yl), we finally

get:

b—d(x,2)—1
| Slaleat

CE) = > i) tignWpsy41) + p([1())w(C)),
i=2
where (+14dg(z,2)
1, if =TEERE g odd
w(C = (z,y1, Y, 2)) = o 2 (29)
g otherwise

represents the fact that there may exist pairs of vertices, where there are both shortest
paths staying in C and leaving C between them: If they they exist, then we need the
factor of aZZil? if not, then we need the factor 1.

We will continue with the computations that need to be done for all further y; € C,

1 <</
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Computations for y;, 1 < ¢ < ¢ In this part, we compute the betweenness centrality
for the remaining vertices in the chain. As already mentioned, we do this iteratively:
For y;, 1 < i < £, we first take the result of its predecessor, Cg(yi_l). Next, we subtract
the amount of all shortest paths, that start in ¥;, since, if y; is an endpoint of a shortest
path, then this path must not be considered for the betweenness centrality of y;. Then,
we have to add all shortest paths, that start in y;_; and pass through ;. The shortest
paths from g;_1 were not considered in the computation of Cg(yi_l), since y;—1 is an
endpoint of them. The formula is similar to the one for balloons:

C§(yi) = C5(yi—1) — p(yi)a(i) + plyi—1)B(i)

The term «(i) represents the number of shortest paths that need to be subtracted
whereas the term (i — 1) is the number of shortest paths that need to be added.

We will first show how to calculate a(i). We need to subtract all shortest paths that
start in y; and pass through g;_1. These shortest paths can again either stay in C
or leave C. For both cases, we need to solve an inequality. We first have to find the
smallest possible 7', 0 < ¢/ < i — 1, such that the shortest path from y; to y; stays
inside C'. Therefore, we solve (24) for i’

i—i <i+l—i+1+dg(z,2)
l+1+dg(z,2)

./ .
1 >1—
2

Next, we need the smallest possible 7', ¢ < i’ < £, such that the shortest path from ;
to y;r leaves C. Therefore, we solve (25) for ¢":

i —i>i+l—i +1+dg(w, 2)
I+ 1+dg(z,2)

i >
) 1+ 5

For easier reading, we define:

I+ 1+dg(z, 2)

0. 5

If we combine both results, we get:

04(2) = tright (1 — [(Yl + 1) — tright (Z — 1) + tright(i + [&l + 1)
+ ' (O)p(i — [3]) +w(C)p(i + [0]) ’
where
1 , if Bdelr) 44 qq

CL),(C = (xaylv""yﬂwz)) = { 1
Ozz+1

(30)

, otherwise

Note the factors w(C) and «'(C) in the formula. These factors are needed, because if
between two vertices y; and y;, there is both one shortest path that stays inside C' and
a shortest path that leaves C, then the vertices lying on one of these paths do not lie
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on all shortest paths between y; and y;. Each vertex can only lie on either the single
shortest path that stays in C' or on each shortest path that leaves C'. This results in a
factor of ﬁ or oj:j_l, respectively.

Now, for 8, we have to find similar indices. We need to add up all shortest paths,
that start in ;1 and pass through y;. Therefore, we need to find the biggest possible 7',
1 < 1/ < £, such that the shortest path from y;_1 to y; stays in C' and we have to find the
biggest possible i’, 0 < i/ < i — 1, such that the shortest paths from y; to y;_1 leave C.
Again, we have to solve two inequalities to get these indices. Since this is analogous as

for «v (i is just replaced by (i — 1)), we only give the results:

B(i) = tiee (i — 1) + [8] — 1) — tiefe (6) + tiee (i — 1) — [8] — 1)
+/(O)p((i = 1) + [6]) + w(@)p((i = 1) = [4)).

Vertices outside the chain In both computations, we only treated the vertices inside C.
But since some shortest paths leave the chain, we need to also look at the vertices lying
on such shortest paths. Therefore, we sum up all shortest paths that leave C. We
already did this for the computation of C(y1) (see (5.4)). But we need to also include
all shortest paths starting in y; itself. These are not included in C§(y1), because y
obviously is an endpoint of them. Thus, the sum begins with ¢ = 1. For w € V'\ §*(C),
we have to compute the following sum. We have to add the factor UI;T(;”) since each w
does not necessarily lie on all shortest paths between two vertices in the chain.

LZ—clc;(;c,z)—lj
Chw) = > p(yz-)((tright@WH))"ﬁj(“’) + ([ ()" (C)ar=(w))
i=1 xz

L—dr(z,z)—1
|dalmaot

1 .
= (@) D p) (g (o 1) = + P(H)])(C))
Z:1 xrz
where 1 if Grltde(2.2) o o4d
OJ”(C: ($7y1a"'ayﬁﬂz)’w) = CTIZI 2 '
e A otherwise

The sum does not depend on the vertex w. Thus, we only have to compute the sum
once and then multiply it with the term o,,(w). This ensures a linear running time per
chain. We define w”, since between some pairs of vertices in the chain, there may exist
both shortest paths leaving C' and staying in C. Each w only lies on the o, (w) shortest
paths that leave C' and cannot lie on the shortest path that stays in C. This results in
a factor of ‘Zfzi(fl) if those pairs exist, or in a factor of Ulazi(w) if not. The correctness of

the above forzrznulas follows from their construction.

Running time The computation of Cg(yl) is linear, depending on /¢, the length of the
chain. The computation of all other Cg(yi), 1 < i < /¢, is constant. Hence, for the
vertices inside C, we have a running time of O(¥).
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The computation of C§(w), w € V' \ S$*(C) is linear in time for the first w, again
depending on ¢ and constant for all following w. Since the size of |V \ S*(C)| is bounded
by n, we have a running time of O(¢ + n) per chain. In total, the computing time for a
single chain is O(¢) + O(¢{ +n) = O(n) and O(|C| - n) = O(k - n) for all chains.

5.5 Final running time

We now summarize the results of Section 4 and Section 5 and thus proof the correctness
of Theorem 1.1. The correctness of the computations we did in both sections were
already proven in the respective section. Hence, we yet need to show that the final
running time of our algorithm is O(k? - n2): Therefore, look at the running times of the
computations done in Section 4 and in the subsections of Section 5:

e The running time of the computations done in Section 4 is O(n).

e The running times of the computations done in Section 5 are:
— O(k? - n) for Section 5.2
— O(k? - n?) for Section 5.3
— O(k - n) for Section 5.4

Adding up all running times, we get:
O(n) + O(k? -n) + O(k* - n?) + O(k - n) = O(k? - n?).

In the following section we give a conclusion summarizing the ideas and results of this
work as well as an approach to further improve our algorithm.

6 Conclusion & Outlook

Baglioni et al. [Bag+12] showed in their work that when it comes to computing the
betweenness centrality of each vertex in a graph it makes sense to treat degree-one
vertices separately and exploit their unique characteristics. They can be removed from
the input graph in linear time, and with little adjustments in Brandes’ algorithm, do
not play any role later, when actually performing Brandes’ algorithm on the residual
graph. This work is an attempt to show that it makes sense to treat degree-two vertices
separately, too. In this work we could not delete all vertices of degree two but only some
of them. If we were able to delete all vertices of degree two from the graph we could
define a kernel on the input graph with only vertices of degree at least three left. By
making use of the feedback edge number k& we can bound the size of the kernel and can
provide an algorithm being linear in n and m and only polynomial in k. For small & this
can be faster than Brandes’ algorithm.

The algorithm that we presented in this work however, only has a running time of
O(k? -n?), which is not linear in n and thus, not necessarily faster than the algorithm of
Brandes, which runs in O(n-m). We conjecture that with little improvements a running
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time of O(k? - (n +m)) can be achieved. The needed improvement is mentioned in the
next paragraph. Additionally, our chosen parameter k, the feedback edge number, can
become relatively big for big instances of networks. This is not desirable and motivates
to find better parameters to bound the running time of such algorithms.

Improvement The factor n? results from the need of computing sums dependent on n

in Cases 2 and 3 in Step 2 (see Section 5.3). Replacing these sums by constant terms
would yield the desired running time of O(k? - n) for Step 2. We are confident that this
is indeed possible. The effective speed up in a practical environment needs then to be
evaluated in experiments. At last follows an approach to define a problem kernel by
deleting all vertices of degree two from the graph.

Towards a problem kernel We only deleted those vertices of degree two that were
part of a cyclic structure. Here, we want to give an approach on how to delete other
degree-two vertices from the input graph. This would speed up the execution of Brandes’
(modified) algorithm (see line 17 in Algorithm 1). Since we delete all vertices of degree
two, we would also obtain a problem kernel of size O(k) (see [Mer+17, proof of Thm
2.3]).

Our approach is to replace each chain with a weighted edge before running Brandes’
algorithm on the graph. The weight of the new edge is set to the length of the chain. This
way, we do not alter the lengths of the shortest paths between the remaining vertices.
Of course, this transforms the input graph into an edge-weighted graph. But because
Brandes’ algorithm also works on edge-weighted graphs [Bra01], this is not a problem.
When replacing the chains with edges though, some new problems arise. For example,
when running Brandes’ algorithm on the residual graph with only vertices with a degree
of at least three left, we do not increase the betweenness centrality of the just deleted
degree-two vertices. This has to be done separately afterwards. In this work we were not
able to overcome all such technical details. This needs to be done in future work. Future
work may also exploit other parameters than the feedback edge number to develop faster
and more feasible algorithms for calculating the betweenness centrality.
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