
Technische Universität Berlin
Electrical Engineering and Computer Science
Institute of Software Engineering and Theoretical Computer Science
Algorithmics and Computational Complexity (AKT)

Algorithmic and Structural Aspects of
Matrix Completion Problems

Tomohiro Koana

Thesis submitted in fulfillment of the requirements for the degree

“Master of Science” (M. Sc.) in the field of Computer Science

December 2019

Supervisor and first reviewer: Prof. Dr. Rolf Niedermeier
Second reviewer: Prof. Dr. Christian Komusiewicz

(Philipps Universität Marburg)
Co-Supervisors: Vincent Froese





3
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Zusammenfassung

In dieser Arbeit untersuchen wir kombinatorische Matrixvervollständigungsprobleme
basierend auf den Arbeiten von Eiben et al. [Eib+19] and Ganian et al. [Gan+18].
Als Eingabe erhalten wir eine unvollständige Matrix mit n Zeilen und ` Spalten, in der
Werte für einige Einträge unbekannt sind. Das Ziel ist es, die fehlenden Einträge so zu
vervollständigen, dass die Matrix eine gewünschte Eigenschaft erfüllt. Wir betrachten
das Ziel, den Radius (maximale Entfernung zu einem Vektor), den lokalen Radius (maxi-
male Entfernung zu einem Vektor in der Matrix) oder den Durchmesser (maximale paar-
weise Entfernung) der vollständigen Matrix zu minimieren. Wir nennen diese Probleme
Minimum Radius / Local Radius / Diameter Matrix Completion (MinRMC
/ MinLRMC / MinDMC). Wir untersuchen die algorithmische Komplexität dieser
Matrixvervollständigungsprobleme anhand eines multivariaten Ansatzes.

Zunächst beschäftigen wir uns mit MinRMC und MinLRMC. Das Problem der Ver-
vollständigung der Matrix ist NP-schwer, auch wenn der (lokale) Radius d der gesuchten
Matrix zwei beträgt [HR15]. Für den Fall d = 1 entwickeln wir Polynomialzeitalgo-
rithmen, die eine offene Frage von Hermelin und Rozenberg beantworten [HR15]. Ob-
wohl MinRMC auch bei vollständiger Matrix NP-schwer ist, zeigen wir fixed-parameter
tractability für den Parameter d+ k, wobei die maximale Anzahl fehlender Einträge in
einer Zeile ist k. Außerdem zeigen wir, dass MinLRMC fixed-parameter tractable für
den Parameter k ist.

Dann studieren wir MinDMC. Wir erhalten eine vollständige Dichotomie zwischen
lösbaren und unlösbaren Fällen in Bezug auf d und k für binäre Matrizen. Wir entwickeln
Polynomzeitalgorithmen für den Fall d ≤ 3, basierend auf Dezas Theorem [Dez73] aus
der Theorie der extremalen Mengenlehre. Auf der negativen Seite beweisen wir die NP-
Schwere für den Fall d ≥ 3. Für den Parameter k zeigen wir, dass MinDMC für k = 1
polynomzeitlösbar ist und NP-schwer, wenn k ≥ 2.
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Abstract

In this thesis, we study combinatorial matrix completion problems, following the work of
Eiben et al. [Eib+19] and Ganian et al. [Gan+18]. As input, we are given an incomplete
matrix with n rows and ` columns, in which values for some entries are unknown. The
goal is to complete the missing entries so that the matrix fulfills some desired property.
We consider the objective of minimizing radius (maximum distance to some vector), local
radius (maximum distance to some vector in the matrix), or diameter (maximum pair-
wise distance) of the entire matrix. We call these problems Minimum Radius/Local
Radius/Diameter Matrix Completion (MinRMC/MinLRMC/MinDMC). We
examine the computational complexity of these matrix completion problems via a mul-
tivariate approach.

First, we tackle MinRMC and MinLRMC. The matrix completion problem is NP-
hard even if the (local) radius d of the sought matrix is two [HR15]. We provide
polynomial-time algorithms for the case of d = 1, answering an open question of Hermelin
and Rozenberg [HR15]. Although MinRMC is NP-hard even if the matrix is complete,
we show fixed-parameter tractability with respect to d + k, where k is such that each
row vector contains at most k missing entries. Meanwhile, we show that MinLRMC is
fixed-parameter tractable with respect to k alone.

Then, we study MinDMC. We obtain a complete dichotomy between tractable and
intractable cases in terms of d and k for binary matrices. We develop polynomial-time
algorithms for the case d ≤ 3, based on Deza’s theorem [Dez73] from extremal set theory.
On the negative side we prove the NP-hardness for the case d ≥ 4. For the parameter k,
we show that MinDMC is polynomial-time when k = 1 and NP-hard when k ≥ 2.
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Chapter 1

Introduction

It is often the case that data can be only partially measured. For the sake of an illus-
trative example, let us consider the well-known Netflix challenge [BL07]. Netflix users
can submit ratings on a subset of provided contents to the video streaming service. Due
to abundance of available titles, a typical user cannot rate all movies on Netflix. This
results in an incomplete matrix where each entry is the rating of a user (row) on a movie
(column). The matrix is incomplete, in that values for some entries are unknown. For
the Netflix challenge, one would like to find which title most fits the preference of each
user. Such a task can be achieved by the recovery of this incomplete matrix. In general,
recommending relevant items to users is crucial in modern businesses, because it directly
leads to an increase in profit. Inferring missing data points from partially observed data
is quite ubiquitous, and its application includes not only recommendation systems but
also computer vision [Cab+11; Cab+15; Ji+10; Luo+15], system identification [CP10],
remote sensing [Sch86], and localization of IoT (Internet of Things) networks [Ngu+19],
to name a few. For any of these applications, one would like to fill in the unknown
values of an incomplete matrix such that a certain measure regarding the whole matrix
is optimized.

The objective most frequently used in the machine learning community is arguably
the rank of the completed matrix. The reasoning for minimizing the rank is based on
the assumption that the matrix is structured. In the example of the Netflix challenge,
there are perhaps only a few factors that contribute to user preferences. The task of
completing a matrix of rank at most r ∈ N is known to be NP-hard, even when the input
matrix is over the field GF(2) and r = 3 [Pee96]. On the positive side, it is known that
the matrix of low rank can fully recovered efficiently via semidefinite relaxation under
certain feasibility assumptions. [CR12; CT10; Rec11].

In this thesis, we consider the completion of incomplete matrices from a combinatorial
standpoint, continuing the work initiated by Eiben et al. [Eib+19]. We assume that each
entry in the matrix is from a finite set of symbols, rather than real values. We start by
defining several variants of matrix completion problems in the following section.
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12 CHAPTER 1. INTRODUCTION

1.1 Variants of matrix completion problems

In this section, we will formulate several variants of matrix completion problems. First,
let us define the matrix completion problem in the most general form. Let Σ be an
arbitrary finite set. We are given as input an (n × `)-matrix S over Σ ∪ {∗}. Here the
special character “∗” denotes a missing entry whose value is unknown (clearly, ∗ 6∈ Σ).
We say that an (n × `)-matrix T over Σ is a completion of S if T can be obtained by
replacing each missing entry with a symbol from Σ. Our goal is to find a completion
that fulfills a certain matrix property Π.

Π-Matrix Completion
Input: An incomplete matrix S ∈ (Σ ∪ {∗})n×` and d ∈ N.
Question: Is there a completion T ∈ Σn×` of S fulfilling Π?

Of our particular interest are the variants introduced by Eiben et al. [Eib+19]. In
order to formulate those variants, we need to introduce some notation. For v ∈ Σ` and
T ∈ Σn×`, we write v ∈ T if there is a row index i ∈ {1, . . . , n} with T[i] = v. We say
that the set {T1, . . . ,Tc} of matrices is a clustering of T ∈ Σn×` if each matrix Tj is a
submatrix of T and each row vector of T is a row vector of some matrix Tj . We refer
to each submatrix as a cluster. For vectors u, v ∈ Σ`, we denote by δ(u, v) the Hamming
distance between u and v. Let T[i] denote the i-th row vector of T. Somewhat abusing
notation, let δ(v,T) := maxi∈{1,...,n} δ(v,T[i]) and δ(T) := maxi,i′∈{1,...,n} δ(T[i],T[i′]).
Eiben et al. [Eib+19] considered the following three variants of Π-Matrix Completion
albeit under different names:

Minimum Radius Clustering Matrix Completion (MinRCMC)

Input: An incomplete matrix S ∈ (Σ ∪ {∗})n×` and c, d ∈ N.
Question: Is there a completion T of S that admits a clustering {T1, . . . ,Tc} such

that there exists vj ∈ Σ` with δ(vj ,Tj) ≤ d for each cluster Tj?

Minimum Local Radius Clustering Matrix Completion (MinLRCMC)

Input: An incomplete matrix S ∈ (Σ ∪ {∗})n×` and c, d ∈ N.
Question: Is there a completion T of S that admits a clustering {T1, . . . ,Tc} such

that there exists vj ∈ Tj with δ(vj ,Tj) ≤ d for each cluster Tj?

Minimum Diameter Clustering Matrix Completion (MinDCMC)

Input: An incomplete matrix S ∈ (Σ ∪ {∗})n×` and c, d ∈ N.
Question: Is there a completion T of S that admits a clustering {T1, . . . ,Tc} such

that δ(Tj) ≤ d for each cluster Tj?

Eiben et al. [Eib+19] proved fixed-parameter tractability for all three variants above,
with respect to the combined parameter of |Σ|, c, d, and r. Here the parameter r is the
minimum number of rows and columns necessary to cover all missing entries. Their
fixed-parameter algorithm is based on kernelization. However, the kernel obtained is
due to the so-called sunflower lemma [ER60] and of super-exponential size. Hence, its
practicality is somewhat questionable. Eiben et al. [Eib+19] also proved that dropping
any of c, d, or r results in parameterized intractability even if |Σ| = 2. This suggests
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Figure 1.1: An example of MinRMC and MinLRMC. The input matrix is depicted in
the left. Optimal solutions for MinRMC (d = 2) and MinLRMC (d = 3) are drawn in
the middle and right, respectively. Every entry different from the corresponding entry
in the solution vector is marked by gray.
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Figure 1.2: An illustration of MinDMC with the input matrix (left) and its completion
(right). Note that the missing entries in the first column must be filled by different
symbols when d = 4.

that these clustering problems are computationally quite hard; Perhaps their hardness
stems from the fact that the clustering problems are NP-hard even for complete data
(note that when the input matrix S is complete, we have r = 0). The following are
known hardness results for the case r = 0:

• MinRCMC is NP-hard even if |Σ| = 2, c = 1, and r = 0 [FL97].

• MinRCMC is NP-hard even if |Σ| = 2, d = 1, and r = 0 [Ami+14].

• MinLRCMC is NP-hard even if ` = 2 and r = 0 [Ami+14].

• MinDCMC is NP-hard even if c = 3 and r = 0 [Eib+19].

Given the hardness of clustering problems (the case c > 1), we restrict our attention
to the case c = 1 in this thesis, hoping that it will result in practically useful algorithms.
Formally, we study the following variants of Π-Matrix Completion (see Figures 1.1
and 1.2 for illustrative examples):

Minimum Radius Matrix Completion (MinRMC)

Input: An incomplete matrix S ∈ (Σ ∪ {∗})n×` and d ∈ N.
Question: Is there a completion T ∈ Σn×` of S such that δ(v,T) ≤ d for some

vector v ∈ Σ`?
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Figure 1.3: A matrix in which k is small but r is large (left) and vice versa (right). In
the left matrix, each row vector has exactly one missing entry but four rows (or columns)
are needed to cover all the missing entries. In the right matrix, one row is sufficient to
cover all missing entries.

We remark that this variant is also known as Closest String with Wildcards
[HR15] and there are some known results (see Table 1.1).

Minimum Local Radius Matrix Completion (MinLRMC)

Input: An incomplete matrix S ∈ (Σ ∪ {∗})n×` and d ∈ N.
Question: Is there a completion T ∈ Σn×` of S such that δ(v,T) ≤ d for some

vector v ∈ T?

Minimum Diameter Matrix Completion (MinDMC)

Input: An incomplete matrix S ∈ (Σ ∪ {∗})n×` and d ∈ N.
Question: Is there a completion of T ∈ Σn×` of S such that δ(T) ≤ d?

Note that fixed-parameter tractability for the clustering variant [Eib+19] implies
fixed-parameter tractability for MinRMC, MinLRMC, and MinDMC with respect to
d + r but its running time is at least doubly exponential in terms of d + r. To aim for
practical algorithms, we consider an alternative parameterization k, the maximum num-
ber of missing entries in any row vector. Observe that the parameter k is incomparable
to r (see Figure 1.3 for an illustration). If missing entries only appear on the diagonal
of S, then we have k = 1 and r = min(n, `). On the contrary, if missing entries only
appear on the i-th row for some i ∈ {1, . . . , n} and all entries are missing in S[i], then we
have k = ` and r = 1. In this thesis, we will conduct multivariate complexity analysis
[Nie10] of MinRMC, MinLRMC, and MinDMC with focus on d and k.

1.2 Our contributions

In Chapter 3, we investigate the computational complexity of MinRMC. Table 1.1
summarizes known results and our results for MinRMC. We provide three main con-
tributions for MinRMC. The first is a linear-time algorithm for the case d = 1. Our
algorithm solves MinRMC even if the alphabet size is arbitrarily large. This answers
an open question of Hermelin and Rozenberg [HR15]. The next contribution is a fixed-
parameter algorithm for MinRMC with respect to d+ k. Even though fixed-parameter
tractability of MinRMC with respect to d+ k was claimed by Hermelin and Rozenberg
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Table 1.1: Overview of previously known results and our results for MinRMC and
MinLRMC. Here we use the following notation: n—number of rows, `—number of
columns, |Σ|—alphabet size, d—distance bound, k—maximum number of missing entries
in any row vector.

Parameter MinRMC Reference MinLRMC Reference

n O∗(22O(n logn)
) [HR15] O∗(2O(n2 logn)) Lem 3.1

O∗(2O(n2 logn)) [KKM17]

` O∗(2`
2/2) [HR15] O∗(``) Cor 3.6

O∗(``) Cor 3.5

d = 1 O(n`2) for |Σ| = 2 [HR15] O(n2`) Cor 3.3
O(n`) Thm 3.2

d = 2 NP-hard for |Σ| = 2 [HR15] NP-hard for |Σ| = 2 trivial

k NP-hard for k = 0 [FL97] O∗(kk) Cor 3.6
d+ k O∗((d+ 1)d+k) Thm 3.8
d+ k + |Σ| O∗(|Σ|k · dd) [HR15] O∗(|Σ|k) trivial

O∗(24d+k · |Σ|d+k) Thm 3.11

Table 1.2: Overview of our results for MinDMC. Here we use the following notation:
n—number of rows, `—number of columns, |Σ|—alphabet size, d—distance bound, k—
maximum number of missing entries in any row vector.

Parameter Result Reference

n O(n`+ 22O(n logn)
)-time solvable Theorem 4.2

d = 1 O(n`)-time solvable Lemma 4.3
d = 2 O(n`)-time solvable when |Σ| is a constant Theorem 4.12

O(|Σ|6 · n3 + n`)-time solvable Theorem 4.14
d = 3 O(n`4)-time solvable when |Σ| = 2 Theorem 4.19
d ≥ 4 NP-hard even for |Σ| = 2 Theorem 4.20
k = 1 O(n2`)-time solvable Theorem 4.21
k = 2 NP-hard even for |Σ| = 2 Theorem 4.22

[HR15], we will illustrate an error in their algorithm and provide an alternative algo-
rithm. Lastly, we give an algorithm that is more efficient our fixed-parameter algorithm
when alphabet size is sufficiently small.

We also obtain some results for MinLRMC in Chapter 3. In particular, we show
that MinLRMC can be solved in polynomial time when d = 1. We have a dichotomy
result, as MinLRMC is NP-hard for d = 2 (it immediately follows from the NP-hardness
of MinRMC for d = 2, because any MinRMC instance (S, d) with S[i] = ∗` for some
i ∈ [n] is equivalent to MinLRMC instance (S, d)). Moreover, we show that MinLRMC
is fixed-parameter tractable with respect to k. This is in sharp contrast to MinRMC,
which is NP-hard even for k = 0. The results for MinLRMC are also summarized in
Table 1.1.
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We study MinDMC in Chapter 4. See Table 1.2 for an overview of our results. First,
we show that MinDMC is fixed-parameter tractable with respect to the number n of
rows. Whereas fixed-parameter tractability with respect to n is rather straightforward
to prove, we were unable to determine the parameterized complexity of MinDMC with
respect to the number ` of columns. In Section 4.2, we consider the parameter d. We
prove that MinDMC can be solved in polynomial time when |Σ| = 2 and d ≤ 3. Our
method is based on a theorem by Deza [Dez73] from extremal set theory. To the best
of our knowledge, our algorithm is the second result to prove tractability by exploiting
Deza’s theorem, next to Froese et al. [Fro+16]. Finally in Section 4.3, we investigate the
computational complexity with respect to k. We prove that MinDMC can be solved in
polynomial time when k = 1, even for arbitrary alphabet size. Surprisingly, we reveal
that it probably is the only tractable case, when the parameter k is considered alone:
Indeed, we show that MinDMC is NP-hard even for the case |Σ| = 2 and k = 2.



Chapter 2

Preliminaries

2.1 Basic notations

For any m,n ∈ N with m ≤ n, we use [m,n] to denote the set {m, . . . , n}. In particular,
we use [n] to denote [1, n]. Given a predicate φ, we use a function χ[φ] that is equal to 1
if φ evaluates to true and 0 otherwise. We sometimes use the O∗ notation, which omits
a factor polynomial in the input size.

Matrices. Let T ∈ Σn×` be an (n× `)-matrix over a finite alphabet Σ. Let i ∈ [n] and
j ∈ [`]. We use T[i, j] to denote the character in the i-th row and j-th column of T. We
use T[i, :] (or T[i] in short) to denote the row vector (T[i, 1], . . . ,T[i, `]) and T[:, j] to
denote the column vector (T[1, j], . . . ,T[n, j])T . For any subsets I ⊆ [n] and J ⊆ [m],
we write T[I, J ] to denote the submatrix obtained by omitting rows in [n] \ I and [`] \ J
from T. We abbreviate T[I, [`]] and T[[n], J ] as T[I, :] (or T[I] for short) and T[:, J ],
respectively. We use a special character ∗ for a missing entry. A matrix S ∈ (Σ∪{∗})n×`
that contains a missing entry is said to be a incomplete matrix. We say that T ∈ Σn×`

is a completion of S ∈ (Σ ∪ {∗})n×` if either S[i, j] = ∗ or S[i, j] = T[i, j] holds for all
i ∈ [n] and j ∈ [`].

We describe two preprocessing algorithms on the input matrix (see Figure 2.1 for
an illustration). One is normalization due to Gramm, Niedermeier, and Rossmanith
[GNR03]. Normalization reduces the alphabet size such that |Σ| ≤ n. Let Σj ⊆ Σ be
the set of symbols from the alphabet on the j-th column of S for each j ∈ [`]. Since
|Σj | ≤ n, there is an injective function πj : Σj → [n]. We rewrite the entry of S[i, j] with
πj(S[i, j]) for each i ∈ [n] and j ∈ [`] with S[i, j] 6= ∗. Every entry in the resulting matrix
is in [n] or ∗ and hence we have |Σ| ≤ n. The other is the removal of so-called dirty
columns, again using the terms of Gramm, Niedermeier, and Rossmanith [GNR03]. For
S ∈ (Σ∪{∗})n×` and j ∈ [`], we call S[:, j] dirty if the column vector contains at least two
distinct symbols from the alphabet (not counting ∗). It is easy to see that a dirty column
is irrelevant for all variants of matrix completion problems under consideration. Thus,
all dirty columns can be removed from the input matrix. Note that normalizing the
input matrix and removing dirty columns can be done in linear time and we sometimes
assume that these preprocessing steps have been applied on the input matrix.

17
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Figure 2.1: An illustration of preprocessing on the input matrix. After applying prepro-
cessing the matrix in the left we obtain the matrix in the right. The columns marked
by thick lines are dirty columns.

Vectors. Let v, v′(Σ ∪ {∗})` be row vectors and let σ ∈ Σ ∪ {∗} be some character.
We write Pσ(v) to denote the set {j ∈ [`] | v[j] = σ} of column indices where the
corresponding entries are σ. We write Q(v, v′) to denote the set {j ∈ [`] | v[j] 6= v[j′]}
of column indices where the corresponding entries disagree. The binary operation v⊕ v′
replaces the missing entries of v with the character in v′ in the corresponding position,
given that v′ contains no missing entry. We sometimes use string notation to represent
a row vector. For instance, the strings σ1σ2σ3 and σ3 represent row vectors (σ1, σ2, σ3)
and (σ, σ, σ), respectively.

Hamming Distance. For v, v ∈ (Σ ∪ {∗})`, the Hamming distance between row
vectors v, v′ ∈ Σ` is δ(v, v′) := |Q(v, v′)|. When we only consider row vectors without
missing entries, δ obeys the triangle inequality: δ(x, z) ≤ d(x, y) + d(y, z) holds for any
row vectors x, y, z ∈ Σ`. However, δ does not follow the triangle inequality in general;
for instance, δ(0`, 1`) ≤ δ(0n, ∗`) + δ(∗n, 1`) does not hold.

Let S ∈ (Σ∪{∗})n×` and v ∈ (Σ∪{∗})`. For the sake of brevity, we sometimes write
maxi∈[n] δ(u,S[i]) as δ(u,S) and maxi,i′∈[n] δ(S[i],S[i′]) as δ(S). For a subset J ⊆ [`], we
also use δJ(S[i],S[i′]) as a shorthand for δ(S[i, J ],S[i′, J ]).

2.2 Fixed-parameter tractability

A parameterized problem Π is a set of instances Σ∗×N, where k is called the parameter of
the instance. A parameterized problem is fixed-parameter tractable if whether (I, k) ∈ Π
can be determined in time f(k) · |I|O(1). Here f : N → N is an arbitrary computable
function. An algorithm with running time f(k) · |I|O(1) is said to be a fixed-parameter
algorithm.

Here we provide a few common techniques for showing fixed-parameter tractabil-
ity. For a more exhaustive list, we refer to the standard textbooks in parameterized
complexity [Cyg+15; DF13; FG06; Nie06].

Search Tree Algorithms. Also referred to branching algorithms, search tree algo-
rithms are probably the most common among fixed-parameter algorithms. A search tree
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algorithm is a recursive procedure. In each recursion, the algorithm divides the problem
into a number of subproblems, each of which the algorithm tries to solve recursively. The
search tree is a rooted tree representation of recursions. We obtain a fixed-parameter
algorithm if the algorithm spends polynomial time on each recursion and the maximum
degree and the depth of the search tree is bounded by some function of the parameter k.

Kernelization. For an instance (I, k), a problem kernel of I is an instance (I ′, k′) such
that (i) (I, k) ∈ Π if and only if (I ′, k′) ∈ Π and (ii) |I ′|+k′ ≤ g(k) for some computable
function g : N → N. A kernelization is a polynomial-time algorithm that computes
a problem kernel. It is well known that a parameterized problem is fixed-parameter
tractable if and only if there is a kernelization algorithm for the problem.

Integer Linear Programming. One can also prove fixed-parameter tractability via
reduction to Integer Linear Programming (ILP).

Integer Linear Programming (ILP)

Input: A matrix A ∈ Zn×p and b ∈ Zn.
Question: Is there a vector x ∈ Zp such that Ax ≤ b?

It is known that ILP is fixed-parameter tractable with respect to the number of variables.

Lemma 2.1 ([FT87; Kan87; LJ83]). ILP can be solved in time O(p3p/2+o(p) ·L), where
p is the number of variables and L is the size of ILP.

Hence, a parameterized problem (I, k) is fixed-parameter tractable if there is an ILP
formulation using h(k) variables for some function h : N→ N.

2.3 Complexity of satisfiability problems

The Satisfiability problem or SAT for short asks whether there exists a satisfying
truth assignment to a given Boolean formula in conjunctive normal form. Recall that a
Boolean formula φ is in conjunctive normal form if it is a conjunction of clauses where
each clause is a disjunction of literals.

k-SAT
Input: A boolean formula φ in conjunctive normal form, where each clause

of φ contains at most k distinct literals.
Question: Is there a satisfying truth assignment to φ?

It is well-known that k-SAT is NP-complete when k ≥ 3. In order to prove that a
problem is NP-hard, one has to provide a polynomial-time reduction to a NP-hard prob-
lem. In such NP-hardness proofs, 3-SAT is one of the most commonly used problems.

The widely believed assumption that P 6= NP excludes the existence of polynomial-
time algorithms for NP-hard problems. The Exponential Time Hypothesis (ETH) of
Impagliazzo and Paturi [IP01] is a stronger assumption, which states that 3-SAT cannot
be solved in subexponential time in the number of different variables and clauses in the
formula. With this assumption at hand, we can prove more fine-grained lower bounds
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on the running time. For instance, there is no algorithm for Closest String (a special
case of MinRMC where the input matrix is complete) with running time do(d) · (n`)O(1)

or |Σ|o(d) · (n`)O(1) unless the ETH breaks.

Conjecture 1 (Exponential Time Hypothesis [IP01]). 3-SAT cannot be solved in time
2o(n+m) · (n + m)O(1), where n and m denote the number of variables and clauses, re-
spectively.

A superset of the authors also introduced even stronger hypothesis called Strong
Exponential Time Hypothesis (SETH). Assuming the SETH, one can even prove lower
bounds for polynomial-time solvable problems. The maximum pairwise distance on a
n-vertex graph cannot be computed in O(n2−ε) for ε > 0 under SETH [RW13].

Conjecture 2 (Strong Exponential Time Hypothesis [IPZ01]). SAT cannot be solved in
time (2− ε)n · (n+m)O(1) for any ε > 0, where n and m denote the number of variables
and clauses, respectively.

We refer to [Cyg+15, Chapter 14] for more computational lower bounds based on
the ETH and the SETH.

Despite the widely believe assumption that k-SAT has no subexponential algorithm
for k ≥ 3, there are linear-time algorithms for 2-SAT [APT79; EIS75; Kro67]. Hence
we can obtain an efficient algorithm via a reduction to 2-SAT. In such a reduction, it
is helpful to have an encoding of the at-most-one constraint. In other words, we would
like to ensure that at most one of some set of literals is satisfied. Let L = {l1, . . . , lm}
be the set of m literals. A näıve encoding of such a constraint is∧

1≤i<j≤m
(¬li ∨ ¬lj),

which requires O(m2) binary clauses. We employ a known trick to efficiently encode
the at-most-one constraint with O(m) clauses [Che10; Sin05; SW93]. The at-most-one
encoding by Chen [Che10] requires 2m + 4

√
m + O( 4

√
m) clauses. Here we will use

the simpler encoding with 3m− 1 clauses, given by Sinz [Sin05] and Stamm-Wilbrandt
[SW93] (note that both encodings have the same size asymptotically). It uses additional
m− 1 variables {r1, . . . , rm−1} and it is defined as follows:

C≤1(L) =(¬l1 ∨ r1) ∧ (¬lm ∨ ¬rm−1)

∧
∧

2≤j≤m−1

((¬lj ∨ ¬rj−1) ∧ (¬lj ∨ rj) ∧ (¬rj−1 ∨ rj)) .

We prove that C≤1 encodes the at-most-one constraint indeed in the following lemma.

Lemma 2.2. At most one literal in L = {l1, . . . , lm} is true if and only if C≤1(L) is
satisfiable.

Proof. (⇒) We can simplify C≤1(L) as follows, depending on which literal evaluates to
true:

C≤1(L) =


R if none of l1, . . . , lm is true

(¬l1 ∨ r1) ∧R if l1 is true

¬rk−1 ∧ rk ∧R if lk is true for k ∈ {2, . . . ,m− 1}
(¬lm ∨ ¬rm) ∧R if lm is true,
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where we denote

R =
∧

2≤j≤m−1

(¬rj−1 ∨ rj).

Observe that a truth assignment to r1, . . . , rm−1 satisfies R if r1, . . . , rk−1 are false and
rk, . . . , rm−1 are true for some k ∈ [m]. To see why, note that the clause (¬rj−1 ∨ rj) is
satisfied by ¬rj−1 for j ∈ [2, k] and by rj for j ∈ [k,m− 1] in such a truth assignment.
Hence, if lk is set to true and all other literals l1, . . . , lk−1, lk+1, . . . , lm are false, then
assigning false to r1, . . . , rk−1 and true to rk, . . . , rm−1 satisfies R.

(⇐) Assume for contradiction that there exists a truth assignment ϕ satisfying R
in which at least two literals are true. Let k < k′ ∈ [m] be the two distinct indices
satisfying ϕ(lk) = ϕ(lk′) = 1. Note that ϕ(rk) = 1 due to the clause (¬lk ∨ rk) and that
ϕ(rk′−1) = 0 due to the clause (¬lk′ ∨ ¬rk′−1). The clause (¬rj−1 ∨ rj) implies that if
ϕ(rj−1) = 1, then ϕ(rj) = 1 for j ∈ [2,m − 1]. By using this argument repeatedly, we
obtain a contradiction on the value of ϕ(rk′).





Chapter 3

Radius Minimization

In this chapter, we investigate Minimum Radius Matrix Completion (MinRMC)
and Minimum Local Radius Matrix Completion (MinLRMC). Recall that radius
refers to the maximum distance to some arbitrary row vector v, whereas local radius
refers to the maximum distance to some row vector v from the matrix. Note that
once the vector v is found, the matrix should be completed such that each row vector
matches v wherever possible. Thus, MinRMC and MinLRMC can be formulated as
follows (see Figure 3.1 for an example).

Minimum Radius Matrix Completion (MinRMC)

Input: An incomplete matrix S ∈ (Σ ∪ {∗})n×` and d ∈ N.
Question: Is there a row vector v ∈ Σ` such that δ(v,S) ≤ d?

Minimum Local Radius Matrix Completion (MinLRMC)

Input: An incomplete matrix S ∈ (Σ ∪ {∗})n×` and d ∈ N.
Question: Is there a row vector v ∈ Σ` such that δ(v,S) ≤ d and δ(v,S[i]) = 0

for some i ∈ [n]?

In Section 3.1, we present a linear-time algorithm for MinRMC for the case d = 1.
It is a significant improvement over the previously known algorithm [HR15], which only
works for binary alphabet and runs in super-linear time. In Section 3.2, we will give a
more efficient fixed-parameter algorithm (compared to the algorithm by Hermelin and
Rozenberg [HR15]) with respect to the number ` of columns. As a byproduct, we obtain
fixed-parameter tractability for MinLRMC with respect to k.

The special case of MinRMC where k = 0 (recall that k denotes the maximum
number of missing entries in any row vector) is known as Closest String. It has been
extensively studied from a (parameterized) algorithmic perspective due to its great rele-
vance in computational biology. Its versatile applications include universal PCP primer
design [Dop+93; Lan+03; Luc+91; PH96], genetic probe design [Lan+03], antisense drug
design [Den+03; Lan+03], finding unbiased consensus of a protein family [Ben+97], and
motif finding [Lan+03; PMP01; PS00]. At the heart of all of these applications lies
finding a sequence similar to given DNA or protein sequences.

In Section 3.3, we adapt two known algorithms for Closest String to MinRMC.
The first algorithm was given by Gramm, Niedermeier, and Rossmanith [GNR03], who

23
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Figure 3.1: An example of MinRMC and MinLRMC. The input matrix is depicted in
the left. Optimal solutions for MinRMC (d = 2) and MinLRMC (d = 3) are drawn in
the middle and right, respectively. Every entry differs from the corresponding entry in
the solution vector is marked by gray.

proved fixed-parameter tractability for parameter d with a search tree algorithm running
in time O(n`+ndd+1). The second algorithm, which is more efficient when the alphabet
size is small (which is often the case for applications in biology) with running time O(n`+
(16|Σ|)d · nd), was developed by Ma and Sun [MS09]. Notably we show fixed-parameter
tractability with respect to d+ k, extending the algorithm of Gramm, Niedermeier, and
Rossmanith [GNR03] (the fixed-parameter tractability was claimed by Hermelin and
Rozenberg [HR15, Theorem 4] but we illustrate an error in their proof). The adaptation
of the algorithm by Ma and Sun [MS09] yields a more efficient algorithm algorithm in
the case of small alphabet size with running time O(n`+ 24d+k · |Σ|d+k · n(d+ k)). This
beats the previously known algorithm [HR15] running in time O(|Σ|k · dd · n`) whenever
|Σ| < d/2k/d+4.

See Table 3.1 for an overview of results for MinRMC and MinLRMC given in this
section. For technical reasons, we work with the following generalization of MinRMC,
in which the distance bound can be specified for each row vector.

Radius Constraint Matrix Completion (RCMC)

Input: An incomplete matrix S ∈ (Σ ∪ {∗})n×` and d1, . . . , dn ∈ N.
Question: Is there a row vector v ∈ Σ` such that δ(v,S[i]) ≤ di for each i ∈ [n]?

Note that there is a simple polynomial-time reduction from MinLRMC to RCMC.
Let (S, d) be an instance of MinLRMC. For each i ∈ [n], we solve RCMC instance
(S, d1, . . . , dn) where di′ = d for each i′ ∈ [n]\{i} and di = 0. We return Yes if and only
if at least one RCMC instance is a Yes instance. The correctness of this procedure is
trivial. It follows that if RCMC can be solved in time O(f(n + `)) for some function
f : N→ N, then MinLRMC can be solved in time O(n ·f(n+`)). Since the algorithm by
Knop, Koutecký, and Mnich [KKM17] solves RCMC in time O∗(2O(n2 logn)), we obtain
the following lemma.

Lemma 3.1. MinLRMC can be solved in time O∗(2O(n2 logn)).
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Table 3.1: Overview of previously known results and our results for MinRMC and
MinLRMC. Here we use the following notation: n—number of rows, `—number of
columns, |Σ|—alphabet size, d—distance bound, k—maximum number of missing entries
in any row vector.

Parameter MinRMC Reference MinLRMC Reference

n O∗(22O(n logn)
) [HR15] O∗(2O(n2 logn)) Lem 3.1

O∗(2O(n2 logn)) [KKM17]

` O∗(2`
2/2) [HR15] O∗(``) Cor 3.6

O∗(``) Cor 3.5

d = 1 O(n`2) for |Σ| = 2 [HR15] O(n2`) Cor 3.3
O(n`) Thm 3.2

d = 2 NP-hard for |Σ| = 2 [HR15] NP-hard for |Σ| = 2 trivial

k NP-hard for k = 0 [FL97] O∗(kk) Cor 3.6
d+ k O∗((d+ 1)d+k) Thm 3.8
d+ k + |Σ| O∗(|Σ|k · dd) [HR15] O∗(|Σ|k) trivial

O∗(24d+k · |Σ|d+k) Thm 3.11

3.1 Linear-time algorithm for the case d = 1

Hermelin and Rozenberg [HR15, Theorem 6] gave a reduction from MinRMC to 2-SAT
in the case of |Σ| = 2 and d = 1, resulting in an O(n`2)-time algorithm. Here we will
provide a more efficient reduction to 2-SAT, exploiting the compact encoding C≤1 of
the at-most-one constraint (see Section 2.3) in two different ways. Our algorithm solves
the more general RCMC problem for arbitrary alphabet size. Moreover, its running
time is linear in the input size.

Theorem 3.2. RCMC can be solved in time O(n`) when maxi∈[n] di = 1.

Proof. We reduce RCMC to 2-SAT. Let Id = {i ∈ [n] | di = d} be the row indices for
which the distance bound is d for d ∈ {0, 1}. We define a variable xj,σ for each j ∈ [`]
and σ ∈ Σ. The intuition behind our reduction is that the j-th entry of the solution
vector v becomes σ when xj,σ is true. We give the construction of a 2-CNF formula φ
in three parts φ1, φ2, φ3 (that is, φ = φ1 ∧ φ2 ∧ φ3).

• Let Xj = {xj,σ | σ ∈ Σ} for each j ∈ [`]. The first formula will ensure that at most
one character is assigned to each entry of the solution vector v:

φ1 =
∧
j∈[`]

C≤1(Xj).

• We define the formula φ2 to handle distance-0 constraints:

φ2 =
∧
i∈I0

∧
j∈[`]

S[i,j]6=∗

(xj,S[i,j]).
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• Finally, we define the formula φ3 to guarantee that the solution vector v deviates
from each row vector of S[I1] on at most one position.

φ3 =
∧
i∈I1

C≤1({¬xj,S[i,j] | j ∈ [`],S[i, j] 6= ∗}).

Note that our construction uses O(|Σ| ·`) variables and O((n+ |Σ|) ·`) clauses. We prove
the correctness of the reduction.

(⇒) Suppose that there exists a vector v ∈ Σ` such that δ(v,S[i]) ≤ di holds for each
i ∈ [n]. For each j ∈ [`] and σ ∈ Σ, we set xj,σ = χ[v[j] = σ]. It is easy to see that this
truth assignment satisfies φ.

(⇐) Suppose that there exists a satisfying truth assignment ϕ. Let J∗ denote the
column indices j ∈ [`] such that ϕ(xj,σ) = 0 for all σ ∈ Σ. Note that at most one
variable in Xj is set to true in ϕ for each j ∈ [`] by Lemma 2.2. It follows that for each
j ∈ [`] \ J∗, there exists exactly one character σj ∈ Σ satisfying ϕ(xj,σj ) = 1 and we
assign v[j] = σj . For each j ∈ J∗, we set v[j] = σ∗ for some arbitrary character σ∗ ∈ Σ.
The formula φ2 ensures that δ(v,S[i]) = 0 holds for each i ∈ I0. Moreover, φ3 ensures
that there is at most one column index j ∈ [`] such that S[i, j] 6= ∗ and S[i, j] 6= v[j] for
each i ∈ I1 by Lemma 2.2.

Note that MinRMC is NP-hard even if |Σ| = 2 and d = 2 [HR15]. Thus, our result
implies a complete dichotomy between tractable and intractable cases regarding d.

We remark that this dichotomy also holds for MinLRMC. When d = 1, the reduction
in the argument for Lemma 3.1 constructs n instances of RCMC with maxi∈[n] di = 1.
Thus, we obtain a polynomial-time algorithm for the case d = 1.

Corollary 3.3. MinLRMC can be solved in time O(n2`) when d = 1.

Let us also remark that MinRMC can be solved in linear time when |Σ| = 2 and
d = ` − 1 (the problem remains NP-hard with d = ` − 1 in the case of unbounded
alphabet size [LMS18]): First, we remove every row vector with at least one missing
entry since it has distance at most ` − 1 from any vector of length `. We then remove
every duplicate row vector. This can be achieved in linear time: We sort the row vectors
lexicographically by linear-time sorting algorithm such as radix sort and we compare
each row vector to the adjacent row vectors in the sorted order. We return Yes if
and only if there are at most 2` − 1 row vectors left, because each distinct row vector
u ∈ {0, 1}` excludes exactly one row vector u ∈ {0, 1}` where u[j] = 1 − u[j] for each
j ∈ [`].

3.2 Parameter `

Hermelin and Rozenberg [HR15, Theorem 3] showed that one can solve MinRMC in
time O(2`

2/2 ·n`) using a search tree algorithm. We use a more refined recursive step to
obtain a better running time (see Algorithm 1). In particular we employ a trick that is
used by Gramm, Niedermeier, and Rossmanith [GNR03] in order to reduce the search
space to d+ 1 subcases.
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Algorithm 1 Algorithm for RCMC

Input: An incomplete matrix S ∈ (Σ ∪ {∗})n×` and d1, . . . , dn ∈ N.
Task: Decide whether there exists a row vector v ∈ Σ` with d(v,S[i]) ≤ di for all i ∈ [n].
1: if di < 0 for some i ∈ [n] then return No.
2: if `− |P∗(S[i])| ≤ di for all i ∈ [n] then return Yes.

. |P∗(S[i])| is the number of missing entries in S[i]
3: Choose any i ∈ [n] such that `− |P∗(S[i])| > di.
4: Choose any R ⊆ [`] \ P∗(S[i]) with |R| = di + 1.
5: for all j ∈ R do
6: Let S′ = S[:, [`] \ {j}] and d′i′ = di − δ(S[i, j],S[i′, j]) for each i′ ∈ [n].
7: if recursion on (S′, d′1, . . . , d

′
n) returns Yes then return Yes.

8: return No.

Theorem 3.4. RCMC can be solved in time O((d+ 1)` · n`) for d = maxi∈[n] di.

Proof. We will prove that Algorithm 1 is correct by induction on `. More specifically,
we show that the algorithm returns Yes if there exists a vector v ∈ Σ` that satisfies
δ(S[i], v) ≤ di for all i ∈ [n]. It is easy to see that the algorithm is correct for the
base case ` = 0, because it returns Yes if di is nonnegative for all i ∈ [n] and No
otherwise (Lines 1 and 2). Consider the case ` > 0. The terminal conditions in Lines 1
and 2 are clearly correct. We show that branching on R is correct in Lines 4 and 5. If
v[j] 6= S[i, j] holds for all j ∈ R, then we have a contradiction δ(v,S[i]) ≥ |R| > di. Thus
the branching on R leads to a correct output. Now the induction hypothesis ensures
that the recursion on S[:, [`] \ {j}] (notice that it has exactly one column less) returns a
desired output. This concludes that our algorithm is correct.

Now we will examine the time complexity. Note that each node in the search tree has
at most d+ 1 children. Moreover, the depth of the search tree is at most ` because the
number of columns decreases for each recursion. Since each recursion step only requires
linear (that is, O(n`)) time, the overall running time is O((d+ 1)`n`).

It is easy to see that any MinRMC instance with d ≥ ` is a Yesinstance. This
observation yields a fixed-parameter algorithm with respect to `.

Corollary 3.5. MinRMC can be solved in time O(n``+1).

We remark that this algorithm cannot be significantly improved assuming the ETH
(Conjecture 1). It is known that there is no `o(`) · nO(1) time algorithm for Closest
String unless the ETH fails [Cyg+15; LMS18]. The running time of our algorithm
matches this lower bound and therefore there is presumably no faster algorithm (up to
constants in the exponent) in terms of the parameter `.

As a consequence of Corollary 3.5, we also obtain a fixed-parameter algorithm for
MinLRMC with parameterization k. For each i ∈ [n], we construct a RCMC instance,
where the input matrix is Si = S[:, P∗(S[i])] and di,i′ = d− δ(S[i],S[i′]) for each i′ ∈ [n].
We return Yes if and only if there is a Yes instance (Si, di,1, . . . , di,n) of RCMC. Each
RCMC instance requires O(n`) time to construct, and O(nkk+1) time to solve, because
Si contains at most k columns. Thus, we obtain the following corollary.
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Algorithm 2 Algorithm for Neighboring String by Gramm, Niedermeier, and Ross-
manith [GNR03]

Input: A matrix T ∈ (Σ ∪ {∗})n×` and d1, . . . , dn ∈ N.
Task: Decide whether there exists a row vector v ∈ Σ` with d(v,T[i]) ≤ di for all i ∈ [n].
1: if di < 0 for some i ∈ [n] then return No.
2: if δ(T[1],T[i]) ≤ di for all i ∈ [n] then return Yes.
3: Choose any i ∈ [n] such that δ(T[1],T[i]) > di.
4: Choose any Q′ ⊆ Q(T[1],T[i]) with |Q′| = di + 1.
5: for all j ∈ Q′ do
6: Let T′ = T[:, [`] \ {j}] and d′i′ = di − δ(T[i, j],T[i′, j]) for each i′ ∈ [n].
7: if recursion on (T′, d′1, . . . , d

′
n) returns Yes then return Yes.

8: return No.

Corollary 3.6. MinLRMC can be solved in time O(n2`+ n2kk+1).

3.3 Parameter d + k

The special case of MinRMC in which the input matrix is complete is known as the
Closest String problem. It can be formulated using the matrix notation as follows.

Closest String
Input: A matrix T ∈ Σn×` and d ∈ N.
Question: Is there a row vector v ∈ Σ` such that δ(v,T) ≤ d?

The Closest String problem is NP-hard even for binary alphabet [FL97] but
several fixed-parameter algorithms are known. In this section we will generalize two
algorithms given by Gramm, Niedermeier, and Rossmanith [GNR03] and Ma and Sun
[MS09] to MinRMC. We will describe both algorithms briefly. In fact both algorithms
solve the special case of RCMC, referred to as Neighboring String, where the input
matrix is complete.

Neighboring String
Input: A matrix T ∈ Σn×` and d1, . . . , dn ∈ N
Question: Is there a row vector v ∈ Σ` such that δ(v,T[i]) ≤ di for each i ∈ [n]?

The algorithm of Gramm, Niedermeier, and Rossmanith [GNR03] is given in Algo-
rithm 2. First it determines whether the first row vector T[1] suffices as a solution. Once
it fails, it finds another row vector T[i] that differs from T[1] on more than di positions.
Then it branches on the column positions Q(T[1],T[i]) where T[1] and T[i] disagree.

Using a search variant of Algorithm 2, Hermelin and Rozenberg [HR15, Theorem
4] claimed that MinRMC is fixed-parameter tractable with respect to d + k. Here we
reveal that their fixed-parameter algorithm is incorrect on some inputs. Their algorithm
chooses an arbitrary row vector S[i] and calls the algorithm by Gramm, Niedermeier,
and Rossmanith [GNR03] with input matrix S′ = S[:, [`] \ {P∗(S[i])}]. This results
in a set of row vectors v satisfying δ(v,S′) ≤ d. Then the algorithm constructs an
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instance of RCMC where the input matrix is S[P∗(S[i])] and the distance bound is
given by di′ = d− δ(v,S′[i′]) for each i′ ∈ [n]. The correctness is based on the erroneous
assumption that the algorithm of Gramm, Niedermeier, and Rossmanith [GNR03] finds
all row vectors v satisfying δ(v,S′) ≤ d in time O((d + 1)d · n`). Although Gramm,
Niedermeier, and Rossmanith [GNR03] noted that this is indeed the case when d is
optimal, it does not always hold true. In fact, it is generally impossible to enumerate
all solutions in time O((d + 1)d · n`) because there may be Ω(`d) solution vectors. We
use the following simple matrix to illustrate the error in the algorithm of Hermelin and
Rozenberg [HR15]:

S =

 0 1 1
1 1 1
∗ 0 0

 .
We show that the algorithm may output an incorrect answer for d = 2. If the algorithm
chooses i = 3, then the algorithm by Gramm, Niedermeier, and Rossmanith [GNR03]
returns only one row vector 00. Then the algorithm of Hermelin and Rozenberg [HR15]

constructs an instance of RCMC with S′ =
[
0 1

]T
and d1 = d2 = 0, resulting in No.

However, the row vector v = 001 satisfies δ(v,S) = 2 and thus the correct output is
Yes. To remedy this, we give a fixed-parameter algorithm for MinRMC, adapting the
algorithm by Gramm, Niedermeier, and Rossmanith [GNR03].

Before presenting our algorithm, let us give an observation noted by Basavaraju
et al. [Bas+18] and Gramm, Niedermeier, and Rossmanith [GNR03] for the case of no
missing entries. Suppose that the input matrix S ∈ (Σ∪ {∗})n×` contains more than nd
dirty columns (recall that a column is said to be dirty if it contains at least two distinct
symbols from the alphabet). Clearly we can assume that every column is dirty. For any
vector v ∈ Σ`, there exists i ∈ [n] with δ(v,S[i]) ≥ d by the pigeon hole principle and
hence we can immediately conclude that it is a No instance. It is easy to see that this
argument also holds for MinRMC.

Lemma 3.7. [GNR03, Lemma 4] Let (S, d) be a MinRMC instance, where S ∈ (Σ ∪
{∗})n×` and d ∈ N. If S contains more than nd dirty columns, then there is no row
vector v ∈ Σ` with δ(v,S) ≤ d.

Our first algorithm is given in Algorithm 3. It generalizes Algorithm 2 and finds
the solution vector even if the input matrix is incomplete. In contrast to Neighboring
String, the output cannot be immediately determined even if d1 = 0. We use Algo-
rithm 1 to overcome this issue (Line 3). Algorithm 3 also considers the columns where
the first row vector has missing entries (recall that P∗(S[1]) denotes column indices j
with S[1, j] = ∗) in the branching step (Line 8), not only the columns where S[1] and
S[i] disagree. Again we apply the trick of restricting to di + 1 subcases (Line 7). This
reduces the size of the search tree significantly. We show the correctness of Algorithm 3
and analyze its running time in the proof of the following theorem.

Theorem 3.8. MinRMC can be solved in time O(n`+ (d+ 1)d+k+1n).

Proof. First, we prove that our algorithm is correct by induction on d1 + |P∗(S[1])|.
More specifically, we show that the algorithm returns Yes if and only if a vector v ∈ Σ`

satisfying δ(S[i], v) ≤ di for all i ∈ [n] exists.
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Algorithm 3 Algorithm for RCMC

Input: An incomplete matrix S ∈ (Σ ∪ {∗})n×` and d1, . . . , dn ∈ N.
Task: Decide whether there exists a row vector v ∈ Σ` with d(v,S[i]) ≤ di for all i ∈ [n].
1: if d1 = 0 then
2: Let S′ = S[[2, n], P∗(S[1])] and d′i = di − δ(S[1],S[i]) for each i ∈ [2, n].
3: return the output of Algorithm 1 on (S′, d′2, . . . , d

′
n).

4: Let Ri = (P∗(S[1]) \ P∗(S[i])) ∪Q(S[1],S[i]) for each i ∈ [2, n].
5: if |Ri| ≤ di for all i ∈ [2, n] then return Yes.
6: Choose any i ∈ [n] with |Ri| > di.
7: Choose any R ⊆ Ri with |R| = di + 1.
8: for all j ∈ R do
9: Let S′ = S[:, [`] \ {j}] and d′i′ = di − δ(S[i, j],S[i′, j]) for each i′ ∈ [n].

10: if recursion on (S′, d′1, . . . , d
′
n) returns Yes then return Yes.

11: return No.

0 10

0 1

1

1 1 0

1

1

0

R2

Figure 3.2: An illustration of Ri on 2 × 10 matrix. Observe that the distance between
the two row vectors is zero, when restricted to columns not in Ri.

Consider the base case d1 + |P∗(S[1])| = 0. Since d1 = 0, the algorithm terminates
in Line 3. When d1 = 0, any solution vector must agree with S[1] on each entry unless
the entry is missing in S[1]. Hence, the output in Line 3 is correct by Theorem 3.4.
Consider the case d1 + |P∗(S[1])| > 0. Let Ri = (P∗(S[1]) \ P∗(S[i])) ∪ Q(S[1],S[i]) for
each i ∈ [2, n] (see Figure 3.2 for an illustration). If |Ri| ≤ di holds for all i ∈ [2, n],
then the vector S[1]⊕σ|P∗(S[1])| (the vector obtained by filling each missing entry in S[1]
with σ) is a solution for an arbitrary character σ ∈ Σ. Hence Line 5 is correct. Suppose
that there exists a solution vector v ∈ Σ` with δ(v,S[i]) ≤ di for all i ∈ [n]. We show
that the branching in Line 8 is correct. Let R be as specified in Line 7. We claim that
there exists j ∈ R with v[j] = S[i, j] for every choice of R. Otherwise, v[j] 6= S[i, j] and
S[i, j] 6= ∗ holds for all j ∈ R and we have δ(v,S[i]) > di (a contradiction). Note that
S[:, [`]\{j}] has exactly one less missing entry if j ∈ P∗(S[1]) and that d′1 = d1−1 in case
of j ∈ Q(S[1],S[j]). It follows that d1 + |P∗(S[1])| is strictly smaller in the recursive call
(Line 10). Hence, the induction hypothesis ensures that the algorithm returns Yes when
v[j] = S[i, j] holds. On the other hand, it is not hard to see that the algorithm returns
No if there is no solution vector. This concludes the correctness proof of Algorithm 3.

We examine the time complexity. Assume without loss of generality that k =
|P∗(S[1])| and d = d1 hold initially. Consider the search tree where each node corre-
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Algorithm 4 Algorithm for Neighboring String by Ma and Sun [MS09]

Input: A matrix T ∈ (Σ ∪ {∗})n×` and d1, . . . , dn ∈ N.
Task: Decide whether there exists a row vector v ∈ Σ` with d(v,T[i]) ≤ di for all i ∈ [n].
1: if δ(T[1],T[i]) ≤ di for all i ∈ [n] then return Yes .
2: Choose any i ∈ [n] such that δ(T[1],T[i]) > di.
3: Let Q = Q(T[1],T[i]).
4: for all v ∈ Σ|Q| such that δ(v,T[1]) ≤ d1 and δ(v,T[i]) ≤ di do
5: Let T′ = T[:, [`] \Q] and d′1 = min{d1 − δ(v,T[1, Q]), dd1/2e − 1}.
6: Let d′i′ = di′ − d(v,T[i′, Q]) for each i′ ∈ [2, n].
7: if recursion on (T, d′1, . . . , d

′
n) returns Yes then return Yes.

8: return No.

sponds to a call on either Algorithm 1 or Algorithm 3. If d1 > 0, then d1 + P∗(S[1])
decreases by 1 in each recursion and there are at most d + 1 recursive calls. Let u be
some node in the search tree that invokes Algorithm 1 for the first time. We have seen
in the proof of Theorem 3.4 that the subtree rooted at u is a tree of depth at most
|P∗(S[1])|, in which each node has at most d2 − δ(S[1],S[2]) + 1 ≤ d+ 1 children. Note
also that u lies at depth d + k − |P∗(S[1])|. Thus the depth of the search tree is at
most d + k and the search tree has size O((d + 1)d+k). We can assume that ` ≤ nd by
Lemma 3.7 and hence each node requires O(nd) time. This results in the overall running
time O(n`+ (d+ 1)d+k+1n).

Now we will provide a more efficient fixed-parameter algorithm when the alphabet
size is small using Algorithm 4 of Ma and Sun [MS09]. Whereas Algorithm 2 considers
each position of (a subset of) Q(T[1],T[i]) one by one, Algorithm 4 considers all vectors
on Q(T[1],T[i]) in a single recursion. The following lemma justifies why d1 can be halved
(Line 5) in each iteration (the vectors u and w correspond to T[1] and T[i], respectively).

Lemma 3.9. [MS09, Lemma 3.1] Let u, v, w ∈ Σ` be row vectors satisfying δ(u,w) >
δ(v, w). Then, it holds that δ(u[Q′], v[Q′]) < δ(u, v)/2 for Q′ = [`] \Q(u,w).

Proof. Assume that δ(u[Q′], v[Q′]) ≥ δ(u, v)/2. We can rewrite the value of δ(u, v) +
δ(v, w) as follows:

δ(u, v) + δ(v, w) = δ(u[Q′], v[Q′]) + δ(v[Q′], w[Q′]) + δ(u[Q], v[Q]) + δ(v[Q], w[Q]),

where Q is a shorthand for Q = Q(v, w). It follows from the definition of Q′ that
u[Q′] = w[Q′] and hence

δ(u[Q′], v[Q′]) = δ(v[Q′], w[Q′]). (3.1)

We also note that δ(u[Q] + v[Q]) + δ(v[Q] +w[Q]) ≥ |Q| = δ(v, w) because it must hold
that u[j] 6= v[j] or v[j] 6= w[j] for each j ∈ Q. Now we have the following contradiction:

δ(u, v) + δ(v, w) ≥ 2δ(u[Q′], v[Q′]) + δ(u,w) > δ(u, v) + δ(v, w).

This concludes the proof.
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Lemma 3.9 plays a crucial role in obtaining the running time O(n` + (16|Σ|)dnd)
of Ma and Sun [MS09]. However, Lemma 3.9 may not hold in the presence of missing
entries (in fact, Equation (3.1) may break when at least one of u or w contains missing
entries). For instance, u = 0`, v = 1`, w = ∗` is one counterexample. Here notice that
Q(u,w) = ∅ and that δ(u[Q′], v[Q′]) = δ(u, v) = `.

To work around this issue, let us introduce a new variant of Closest String.
The problem is somewhat artificial and presumably it has no practical use. However,
the problem will be useful to derive a fixed-parameter algorithm for MinRMC (Theo-
rem 3.11). We will use a special character “�” to denote a “dummy” character.

Neighboring String with Dummies (NSD)

Input: A matrix T ∈ (Σ ∪ {�})n×` and d1, . . . , dn ∈ N.
Question: Is there a row vector v ∈ Σ` such that δ(v,T[i]) ≤ di for each i ∈ [n]?

Note that the definition of NSD forbids dummy characters in the solution vector v.
Observe that Lemma 3.9 (in particular Equation (3.1)) holds even if row vectors u,w may
contain dummy characters. Now we show that NSD can be solved using Algorithm 4 as
a subroutine.

Lemma 3.10. NSD can be solved in time O(|Σ|k · n` + 24d−3k · |Σ|d · nd)), where k is
the minimum number of dummy characters in any row vector of T.

Proof. With Lemma 3.9, one can prove that Algorithm 4 solves the NSD problem if
the first row vector T[1] contains no dummy characters by induction on d1. Refer to
[MS09, Theorem 3.2] for details. We describe how we use Algorithm 4 of Ma and Sun
[MS09] to solve NSD. Let I = (T, d1, . . . , dn) be an instance of NSD. We assume that
|P�(T[1])| = k. For each row vector u of Σk, we invoke Algorithm 4 with the input matrix
T′ = T[[`] \ P�(T[1])] and the distance bounds d − k, d − δ(u,T[2, P�(T[1])]), . . . , d −
δ(u,T[n, P�(T[1])]). Note that T′[1] contains no dummy character and thus the output
of Algorithm 4 is correct. We return Yes if and only if Algorithm 4 returns Yes at least
once. Let us prove that this solves NSD. If I is a Yes instance with solution vector
v ∈ Σ`, then it is easy to verify that Algorithm 4 returns Yes when u = v[P�(T[1])].
On the other hand, the distance bounds in the above procedure ensure that I is a Yes
instance if Algorithm 4 returns Yes.

Now we show that this procedure runs in the claimed time. Ma and Sun [MS09]
proved that Algorithm 4 runs in time

O

(
n`+

(
dmax + dmin

dmin

)
· (4|Σ|)dmin · ndmax

)
,

where dmax = maxi∈[n] di and dmin = mini∈[n] di. Note that we have dmax ≤ d and

dmin ≤ d − k for each call of Algorithm 4. Hence it remains to show that
(

2d−k
d

)
∈

O(22d−k). Using Stirling’s approximation
√

2πnn+1/2e−n ≤ n! ≤ enn+1/2e−n that holds
for all positive integers n, we obtain(

2d− k
d

)
=

(2d− k)!

d! · (d− k)!
≤ c · (2d− k)2d−k

dd · (d− k)d−k
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for some constant c. We claim that the last term is upper-bounded by c · 22d−k. We
use the fact that the function x 7→ x log x is convex over its domain x > 0 (note that
the second derivative is given by x 7→ 1/x). Since a convex function f : D → R satisfies
(f(x) + f(y))/2 ≥ f((x+ y)/2) for any x, y ∈ D, we obtain

d log d+ (d− k) log(d− k) ≥ 2

(
2d− k

2

)
· log

(
2d− k

2

)
.

It follows that dd · (d− k)d−k = 2d log d+(d−k) log(d−k) ≥ 2(2d−k) log(d−k/2) = (d− k/2)2d−k.
This shows that

(
2d−k
d

)
∈ O(22d−k).

Finally we provide a polynomial-time reduction from MinRMC to NSD.

Theorem 3.11. MinRMC can be solved in time O(n`+ 24d+k · |Σ|d+k · n(d+ k)).

Proof. Let I = (S, d) be an instance of MinRMC. We construct an instance I ′ =
(T, d+k) of NSD where T ∈ (Σ∪{�})n×(`+k) and each row vector of T contains exactly
k dummy characters. Note that such a construction yields an algorithm for MinRMC
running in time O(n(`+k) + |Σ|k ·nd+ 24d+k · |Σ|d+k ·n(d+k)) = O(n`+ 24d+k · |Σ|d+k ·
n(d + k)) using Lemma 3.7. Let σ ∈ Σ be an arbitrary character. We define the row
vector T[i] for each i ∈ [n] as follows: Let T[i, [`]] = S[i] ⊕ �` (in other words, the row
vector T[i, [`]] is obtained from S[i] by replacing ∗ by �) for the leading ` entries. For
the remainder, let

T[i, `+ j] =

{
σ if j ≤ |P∗(S[i])|,
� otherwise,

for each j ∈ [k]. See Figure 3.3 for an illustration. We claim that I is a Yesinstance if
and only if I ′ is a yesinstance.

(⇒) Let v ∈ Σ` be a solution of I. We claim that the vector v′ ∈ Σ`+k such that
v′[[`]] = v and v[[`+ 1, `+ k]] = σk is a solution of I ′. For each i ∈ [n], we have

δ(v′,T[i]) = δ(v′[[`]],T[i, [`]]) + δ(σk,T[i, [`+ 1, `+ k]]).

It is easy to see that the first term is at most d + |P∗(S[i])| and that the second term
equals k − |P∗(S[i])|. Thus we have δ(v′,T) ≤ d+ k.

(⇐) Let v′ ∈ Σ` be a solution of I ′. Since the row vector T[i, [`+ 1, `+ k]] contains
k − |P∗(S)| dummy characters, we have δ(v′[[`]],T[i, [`]]) ≤ (d+ k)− (k − |P∗(T[i])|) =
d+ |P∗(T[i])| for each i ∈ [n]. It follows that δ(v′[[`]],S[i]) ≤ d holds for each i ∈ [n].

3.4 Concluding remarks

We investigated the computational complexity of MinRMC, also known as Closest
String With Wildcards. We provided a linear-time algorithm for the case of the
distance bound d = 1, answering an open question by Hermelin and Rozenberg [HR15]
whether MinRMC with d = 1 can be solved in polynomial time for general alphabet size.
The crucial idea was to use the efficient encoding C≤1 of the at-most-one constraint. We
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S =

 0 0 0
1 1 ∗
∗ ∗ 2

 T =

 0 0 0 � �
1 1 � σ �
� � 2 σ σ


Figure 3.3: An illustration of the reduction in Theorem 3.11. Given the matrix S with
k = 2 (left), our reduction constructs the matrix T with k additional columns (right).
Note that every row vector in T contains exactly two dummy characters. The MinRMC
instance (S, d = 1) is a Yes instance with a solution vector v = 100. The corresponding
NSD instance (T, d+ k = 3) is also a Yes instance with a solution vector v′ = 100σσ.

then proceeded to study the parameterized complexity of MinRMC. We revealed that
the fixed-parameter algorithm proposed by Hermelin and Rozenberg [HR15] with param-
eterization d + k is flawed, and we presented an alternative fixed-parameter algorithm
(Algorithm 3) with running time O(n` + (d + 1)d+k+1n). Our algorithm is a nontriv-
ial combination of two fixed-parameter algorithms: our fixed-parameter algorithm with
parameterization ` (Algorithm 1) and the algorithm by Gramm, Niedermeier, and Ross-
manith [GNR03] for Neighboring String (Algorithm 2), a variant of MinRMC in
which the input matrix is complete and the distance bound can be specified for each
row vector. We also provided an algorithm that is more efficient for small alphabet size.
We basically eliminated missing entries, by introducing a new variant of Neighboring
String, where the input matrix may contain “dummy” characters. We were then able
to take advantage of the algorithm by Ma and Sun [MS09] for Neighboring String.
This is contrary to the supposition of Hermelin and Rozenberg [HR15], who hinted that
techniques for Neighboring String probably cannot be applied in the presence of
missing entries.

We conclude with some directions for future research:

• Can the running time of Theorem 3.11 be improved? Since Ma and Sun [MS09]
proved that Closest String can be solved in O((16|Σ|)d · n`) time, a plethora
of efforts have been made to reduce the base in the exponential dependence in the
running time [CMW12; CMW16; CW11; NS12]. A natural question is whether
these results can be translated to MinRMC as well.

• Another direction would be to consider a generalization of MinRMC with outliers.
Its input is the same as MinRMC, except that it has an additional parameter t.
The task is to determine whether there are a set I ⊆ [n] of row indices and a vector
v ∈ Σ` such that |I| ≤ k and δ(v,S[[n] \ I]) ≤ d. The case in which the input
matrix is known as Closest String with Outliers [BM11; BS18]. Boucher
and Ma [BM11] proved fixed-parameter tractability with respect to d+ t. We also
remark that the results of Eiben et al. [Eib+19] implies fixed parameter tractability
with respect to d + n − t. Hence, it is interesting to study the outlier variant of
MinRMC is fixed-parameter tractable with respect to d+ k + t.

• Finally, let us mention yet another variant somewhat related to MinRMC:
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MaxRMC
Input: An incomplete matrix S ∈ (Σ ∪ {∗})n×` and d ∈ N.
Question: Is there a completion T of S and a row vector v ∈ Σ` such that

δ(v,T[i]) ≥ d for each i ∈ [n]?

Note that the input is identical to that of MinRMC but the inequality in the radius
constraint is reversed. The special case in which the input matrix is complete is
referred to as Farthest String [WZ09], and fixed-tractability with respect to
|Σ|+d is known [GGN06; WZ09]. Intuitively, every missing entry can be treated as
a “dummy” symbol in MaxRMC, because each missing entry should be completed
by a symbol different from the one in the solution vector v in the corresponding
position. We believe that the algorithm by Gramm, Niedermeier, and Rossmanith
[GNR03] (Algorithm 2) can be adapted to solve Neighboring String even in
the presence of dummy characters. This would imply that Neighboring String
with Dummies is fixed-parameter tractable with respect to d. Is MaxRMC also
fixed-parameter tractable with respect to d(+|Σ|)?





Chapter 4

Diameter Minimization

In this chapter, we study the matrix completion problem where the objective is to
minimize the diameter. Here the diameter refers to the maximum pairwise Hamming
distance of row vectors. Formally, it is defined as follows:

MinDMC (Minimum Diameter Matrix Completion)

Input: A matrix S ∈ (Σ ∪ {∗})n×` and d ∈ N.
Question: Is there a completion T ∈ Σn×` of S such that δ(T) ≤ d?

Note that δ(T) denotes the diameter of T: δ(T) = maxi,i′∈[n] δ(T[i],T[i′]). Table 4.1
summarizes our results.

In Section 4.1, we show fixed-parameter tractability with respect to the number n
of rows. In particular, we formulate MinDMC in terms of ILP (Integer Linear
Programming) with nO(n) variables. Using the well-known algorithm by Lenstra Jr
[LJ83] for ILP, we obtain a fixed-parameter algorithm (Theorem 4.2).

In Section 4.2, we investigate the computational complexity of MinDMC in terms
of the diameter d of the solution matrix. We obtain a complete dichotomy for binary
matrices (|Σ| = 2): We prove that MinDMC is polynomial-time solvable when d ≤ 3
(Lemma 4.3 and Thms 4.12 and 4.19) but NP-hard when d ≥ 4 (Theorem 4.20). For the
tractable cases of d ≤ 3, we obtain polynomial-time algorithms by making use of some
combinatorial notions of set systems called ∆-systems (also known as sunflowers). For
the case d = 2, we show that MinDMC can be solved in polynomial time even if the
alphabet size is arbitrary large (Theorem 4.14). However, we leave the question open
whether MinDMC with d = 3 can be solved in polynomial time for alphabet size greater
than 2.

Finally in Section 4.3, we look into the maximum number k of missing entries over
all row vectors. We present a dichotomy result regarding k: MinDMC can be solved
in polynomial time when k = 1 (Theorem 4.21); it is NP-hard when k = 2, even if
|Σ| = 2 (Theorem 4.22). Interestingly, our polynomial-time algorithm for the case k = 1
is based on a reduction to 2-SAT and the NP-hardness proof for the case k = 2 is due
to a reduction from 3-SAT.

Before delving into our main results of this chapter, let us remark that there is a
simple linear-time algorithm when |Σ| + ` is a constant. Note that fixed-parameter
tractability with respect to |Σ| + ` follows from the kernelization algorithm by Eiben

37
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Table 4.1: Overview of our results for MinDMC. Here we use the following notation:
n—number of rows, `—number of columns, |Σ|—alphabet size, d—distance bound, k—
maximum number of missing entries in any row vector.

Parameter Result Reference

n O(n`+ 22O(n logn)
)-time solvable Theorem 4.2

d = 1 O(n`)-time solvable Lemma 4.3
d = 2 O(n`)-time solvable when |Σ| is a constant Theorem 4.12

O(|Σ|6 · n3 + n`)-time solvable Theorem 4.14
d = 3 O(n`4)-time solvable when |Σ| = 2 Theorem 4.19
d ≥ 4 NP-hard even for |Σ| = 2 Theorem 4.20
k = 1 O(n2`)-time solvable Theorem 4.21
k = 2 NP-hard even for |Σ| = 2 Theorem 4.22

et al. [Eib+19] (for a smaller parameter in fact) but brute-forcing on the kernel requires
super-linear time. Our algorithm first guesses a subset V ⊆ Σ` of row vectors (note that

there are 2|Σ|
`

possibilities). We then spend |V|2 · ` time to confirm that δ(V) ≤ d. If
δ(V) ≤ d, then for each v ∈ V and each i ∈ [n], we compute in time O(`) whether v is a
completion of S[i]. We return Yes if and only if there is a completion of S[i] in V for all
i ∈ [n]. This gives a fixed-parameter algorithm with the following running time:

Lemma 4.1. MinDMC can be solved in time O(2|Σ|
` · (|Σ|2` · `+ |Σ|` · n`)).

We leave the question open whether the parameterized complexity of MinDMC with
respect to the parameter ` alone. It is even unclear whether MinDMC admits an XP
algorithm (an algorithm with running time nO(`)).

4.1 Parameter n

In this section we show that MinDMC is fixed-parameter tractable with respect to
the number n of rows. Our result complements the result of Eiben et al. [Eib+19,
Theorem 34], from which fixed-parameter tractability with respect to n follows for the
case |Σ| = 2. Similar to their approach, we present an integer linear programming (ILP)
formulation of MinDMC using nO(n) variables. This yields a fixed-parameter algorithm
for MinDMC because ILP is fixed-parameter tractable with respect to the number of
variables (Lemma 2.1). First let us define the notion of column type [GNR03]. We say
that two column vectors u, v ∈ Σ` are isomorphic if there exists a bijective mapping
π : Σ∪ {∗} → Σ∪ {∗} such that π(∗) = ∗ and v[j] = π(u[j]) for each j ∈ [`]. Each set of

isomorphic columns defines a column type. For instance, two column vectors
[
0 0 1

]T
and

[
1 1 0

]T
are of the same column type. It is known that the number of column

types equals the Bell number B(n) ≤ n! when the input matrix is complete. It follows
that there are

(
n
i

)
B(n − i) column types with exactly i missing entries and the total
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number of column types is given by

n∑
i=0

(
n

i

)
B(n− i) ≤

n∑
i=0

n!

i! · (n− i)!
(n− i)! ≤

n∑
i=0

n!

i!
≤ en!.

Let T denote the set of all column types and let T0 be the set of column types without
missing entry. Let ϕ : T0× [n]× [n]→ {0, 1} be a function such that ϕ(t0, i, i

′) = 1 if and
only if the i-th and i′-th entries in a column vector of type t0 have different symbols for
each t0 ∈ T0 and i, i′ ∈ [n]. We say that a column type t ∈ T is consistent with a column
type t0 ∈ T0 if one can obtain a column vector of type t0 by filling missing entries in a
column vector of type t. Let c(t) denote the set of all consistent column types for each
t ∈ T . Note that c(t0) = {t0} if t0 ∈ T0. We define a nonnegative variable xt,t0 for
each t ∈ T and t0 ∈ c(t). The variable xt,t0 represents the number of columns that have
type t in the input matrix and type t0 in the solution matrix. For each t ∈ T , let nt
be the number of columns of type t in the input matrix. We require that the following
constraints are fulfilled:

• The diameter of the solution matrix is at most d:∑
t∈T

∑
t0∈c(t)

ϕ(t0, i, i
′) · xt,t0 ≤ d

for each i < i′ ∈ [n].

• Every column must be completed into a column of some type in T0:∑
t0∈c(t)

xt,t0 = nt

for each t ∈ T .

It is easy to see that the ILP formulation is equivalent to MinDMC. Note that we
use O(n2n) variables. Thus we obtain the following theorem with Lemma 2.1.

Theorem 4.2. MinDMC can be solved in time O∗(22O(n logn)
).

4.2 Parameter d

In this section, we investigate the computational complexity of MinDMC with respect
to the diameter d of the solution matrix. MinDMC can be trivially solved when d = 1:
any MinDMC instance is a Yes instance if and only if there is at most one dirty column
in the input matrix. Recall that a column vector is dirty if it contains at least two
distinct characters from Σ.

Lemma 4.3. Let I = (S, d) be a MinDMC instance, where S ∈ (Σ∪{∗})n×` and d = 1.
Then, I is a Yes instance if and only if S contains at most one dirty column.
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Proof. Suppose that S contains two dirty columns T[j],T[j′] for j < j′ ∈ [`]. We
claim that I is a No instance. Let i, i′ ∈ [n] be such that S[i, j] 6= ∗, S[i′, j] 6= ∗,
and S[i, j] 6= S[i′, j]. Suppose that there exists a completion T ∈ Σn×` of S with
δ(T) ≤ 1. Since the column vector T[:, j′] is dirty, there exists a row index i′′ ∈ [n] with
T[i′′, j′] 6= T[i, j′]. Note that T[i, j′] = T[i′, j′]. Thus, we have a contradiction because
max(δ(T[i],T[i′′]), δ(T[i′],T[i′′])) ≥ 2. The other direction trivially follows.

It follows that one can solve MinDMC in linear time when d = 1. In Section 4.2.1, we
provide a linear-time algorithm for the case in which the alphabet size |Σ| is a constant
and d = 2. We also show that MinDMC can be solved in polynomial time for the case
d = 2 even if the alphabet size |Σ| is unbounded. In Section 4.2.2, we will show that
MinDMC can be solved in polynomial time when |Σ| = 2 and d = 3 as well. On the
negative side, we prove that MinDMC is NP-hard for d = 4 even if |Σ| = 2.

Note that one can view a binary matrix T ∈ {0, 1}n×` as a family F = {S1, . . . , Sn}
of n sets, where each set Si ⊆ [`] contains the column indices j such that T[i, j] = 1. For
our polynomial-time algorithms, we will exploit some notions from extremal set theory
(refer to [Juk11] for an introduction), known as ∆-systems. These notions have been
used to obtain efficient algorithms [Cyg+15; Eib+19; Fro+16]. They are defined as
follows:

Definition 4.4 (Weak ∆-system). We say that a set family F = {S1, . . . , Sm} is a weak
∆-system if there exists an integer λ ∈ N such that |Si ∩ Sj | = λ for any pair of distinct
sets Si, Sj ∈ F . The integer λ is called the intersection size of F

Definition 4.5 (Strong ∆-system, Sunflower). We say that a set family F = {S1, . . . , Sm}
is a strong ∆-system or sunflower if there exists a subset C ⊆ S1 ∪ · · · ∪ Sm such that
Si ∩ Sj = C for any pair of distinct sets Si, Sj ∈ F . We call the set C the core and the
sets Pi = Si \ C the petals of F .

Clearly, any strong ∆-system is a weak ∆-system. We say that a family F of sets is
λ-uniform if |S| = λ holds for each S ∈ F . Deza [Dez74] showed that a λ-uniform weak
∆-system is a strong ∆-system when its cardinality is sufficiently large (more precisely,
|F| ≥ λ2 − λ + 2). In particular, the Deza [Dez73] also presented the tight bound for
uniform weak ∆-systems in which the intersection size is exactly half of the cardinality
of each set.

Lemma 4.6 ([Dez73]). Let F be a (2µ)-uniform weak ∆-system with intersection size
µ. If |F| ≥ µ2 + µ+ 2, then F is a strong ∆-system.

We extend this result to the case in which the set size is odd.

Lemma 4.7. Let F be a (2µ+ 1)-uniform weak ∆-system with intersection size µ+ 1.
If |F| ≥ µ2 + µ+ 3, then F is a strong ∆-system.

Proof. Let S ∈ F and let F ′ = {T4S | T ∈ F \{S}}. Here T4S denotes the symmetric
difference (T \S)∪(S\T ). Note that F ′ is a 2µ-uniform weak ∆-system with intersection
size µ:

• For each T ∈ F \ {S}, we have |T4S| = |S \ T |+ |T \ S| = 2µ.
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• We show that |(T4S)∩ (U4S)| = µ for each distinct T,U ∈ F \ {S}. We rewrite

|(T4S) ∩ (U4S)|
= |((T \ S) ∪ (S \ T )) ∩ ((U \ S) ∪ (S \ U))|
= |((T \ S) ∩ (U \ S)) ∪ ((T \ S) ∩ (S \ U))

∪ ((S \ T ) ∩ (U \ S)) ∪ ((S \ T ) ∩ (S \ U))|
= |((T ∩ U) \ S) ∪ (S \ (T ∪ U))|
= |((T ∩ U) \ S)|+ |(S \ (T ∪ U))|.

Here the third equality follows from (T \ S) ∩ (S ∩ U) = (S \ T ) ∩ (U \ S) = ∅. Let
κ = |S ∩ T ∩ U |. Since |S ∩ T | = |S ∩ U | = µ + 1, it follows that |(S ∩ T ) \ U | =
|(S ∩ U) \ T | = µ− κ+ 1. Thus, we obtain

|S \ (T ∪ U))| = |S| − |(S ∩ T ) \ U | − |(S ∩ U) \ T | − |S ∩ T ∩ U |
= (2µ+ 1)− (µ− κ+ 1)− (µ− κ+ 1)− κ = κ− 1.

Moreover, we obtain

|((T ∩ U) \ S)| = |T ∩ U | − |S ∩ T ∩ U | = µ− κ+ 1.

Now we have |(T4S) ∩ (U4S)| = |(S \ (T ∪ U))|+ |((T ∩ U) \ S)| = µ.

Therefore, Lemma 4.6 tells us that F ′ is a strong ∆-system. Let C ′ be the core of F ′.
Note that |(T4S)∩S| = |S \T | = µ for each T ∈ F \{S} or equivalently |T ′∩S| = µ for
each T ′ ∈ F ′. We claim that T ′ ∩ S = C ′ for each T ′ ∈ F ′. Suppose not. Then, we have
C ′ \S 6= ∅ because |T ′ ∩S| = µ. It follows that there exists an element x ∈ (T ′ \C ′)∩S
for each T ′ ∈ F ′. Since the set family {T ′ \C ′ | T ′ ∈ F ′} is pairwise disjoint, it gives us
|S| ≥ µ2 + µ + 2 > 2µ + 1, a contradiction. Thus, F is a sunflower with its core being
S \ C ′.

4.2.1 Linear-time algorithm for the case d = 2

In this section, we present a linear-time algorithm for MinDMC when d = 2 and |Σ|
is a constant. We will prove that any binary matrix T ∈ {0, 1}n×` fundamentally is a
strong ∆-system (recall that any binary matrix can be viewed as a set family) when
` is sufficiently large. In fact, we reveal that any MinDMC instance with ` ≥ 5 and
d = 2 is equivalent to the MinRMC instance on the same matrix with d = 1 even if the
arbitrary alphabet |Σ| is not binary. We start with two simple observations (also noted
by Froese et al. [Fro+16]) on a binary matrix with diameter 2, which will be helpful in
the subsequent proofs. Recall that P1(v) denotes the set {j ∈ [`] | v[j] = 1} of column
indices for a vector v ∈ Σ`.

Observation 4.8. Let T ∈ {0, 1}n×` be a matrix with T[n] = 0` and δ(T) ≤ 2. Suppose
that there exist i1, i2 ∈ [n] such that δ(T[i1],T[n]) = 1 and δ(T[i2],T[n]) = 2. Then, we
have P1(T[i1]) ⊆ P1(T[i2]).

Observation 4.9. Let T ∈ {0, 1}n×` be a matrix with T[n] = 0` and δ(T) ≤ 2. Suppose
that there exist i2, i

′
2 ∈ [n] such that δ(T[i2],T[n]) = 2 and δ(T[i′2],T[n]) = 2. Then, we

have |P1(T[i2]) ∩ P1(T[i′2])| = 1 if T[i2] and T[i′2] are distinct.
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In the next lemma, we show that the number of row vectors that contain two 1’s
restricts the number of columns.

Lemma 4.10. Let T ∈ {0, 1}n×` be a matrix with T[n] = 0` and δ(T) ≤ 2, where every
column is dirty. Let n2 = |{i ∈ [n] | δ(T[i],T[n]) = 2}| be the number of row vectors
that contain exactly two 1’s. If n2 ≥ 1, then ` = |

⋃
i∈[n] P1(T[i])| ≤ n2 + 1.

Proof. We prove the claim by induction over n2. If n2 = 1, then we have at most 2
columns because of Observation 4.8. Suppose that n2 ≥ 2. Choose an arbitrary row
index i ∈ [n] such that δ(T[i],T[n]) = 2. Then, we have∣∣∣∣∣ ⋃

i′∈[n]

P1(T[i′])

∣∣∣∣∣ =

∣∣∣∣∣ ⋃
i′∈[n]\{i}

P1(T[i′])

∣∣∣∣∣+

∣∣∣∣∣Pi(T[i])
∖ ⋃

i′∈[n]\{i}

P1(T[i′])

∣∣∣∣∣ ≤ n2 + 1.

We claim that the last inequality holds. Since T[[n] \ {i}, :] has n2 − 1 row vectors that
contain exactly two 1’s, the induction hypothesis gives us that |

⋃
i′∈[n]\{i} P1(T[i′])| ≤ n2.

For the second term, observe that |Pi(T[i]) \
⋃
i′∈[n]\{i} P1(T[i′])| ≤ |Pi(T[i]) \Pi(T[i′′])|

for some row index i′′ ∈ [n] with δ(T[i′′],T[n]) = 2. Such a row index i′′ exists because
n2 ≥ 2. Hence, it follows from Observation 4.9 that the second term is at most 1.

We show that a matrix with diameter at most 2 has a radius at most 1 as long as it
has sufficiently many columns.

Lemma 4.11. Let T ∈ Σn×` be a matrix with δ(T) ≤ 2. Suppose that every column of
T is dirty. If ` ≥ 5, then there exists a vector v ∈ {0, 1}` such that δ(v,T) ≤ 1.

Proof. Let T′ ∈ {0, 1}n×` be a matrix such that T′[i, j] = χ[T[i, j] 6= T[n, j]] for each
i ∈ [n] and j ∈ [`]. Note that T′[n] = 0`. We distinguish cases by the number of distinct
row vectors of T′ that contain exactly two 1’s. Let V = {T′[i] | i ∈ [n], δ(T′[i], 0`) = 2}
be the set of such row vectors. Note that we are immediately done if V = ∅ because
δ(T[n],T) ≤ 1 (see Figure 4.1a for an illustration). Note also that Lemma 4.10 excludes
the case |V| ∈ {1, 2, 3} since ` ≥ 5. Hence, we can assume that |V| ≥ 4.

For any two arbitrary distinct row vectors u, u′ ∈ V of T′, it holds that |P1(u) ∩
P1(u′)| = 1 due to Observation 4.9. Hence, the set family {P1(u) | u ∈ V} forms a
2-uniform weak ∆-system. In fact, it follows from Lemma 4.6 that this is a strong
∆-system because V contains at least four distinct row vectors. Let {jcore} denote
the core of the strong ∆-system. Suppose that there exists i1 ∈ [n − 1] such that
T′[i1, jcore] = 0. Since T′[i1] 6∈ V (otherwise T′[i1, jcore] = 1), the row vector T′[i1]
contains exactly one 1. Let P1(T′[i1]) = {j1}. Then, it follows from Observation 4.8
that j1 ∈ P1(u) \ {jcore} and j1 ∈ P1(u′) \ {jcore} for two distinct row vectors u, u′ ∈ V.
We can rewrite it as j1 ∈ (P1(u) ∩ P1(u′)) \ {jcore}. However, this is a contradiction
because j1 ∈ (P1(u)∩P1(u′))\{jcore} = ∅ due to Observation 4.9. Hence, we can assume
that T′[i] = 0` or T′[i, jcore] = 1 for each i ∈ [n− 1] (see Figure 4.1b for an illustration).
We claim that T[i] = T[i′] for each i, i′ ∈ [n] with T′[i],T′[i′] ∈ V. Let i′′ ∈ [n] be such
that P1(T[i′′]) \ P1(T[i]) 6= ∅ and P1(T[i′′]) \ P1(T[i′]) 6= ∅. Note that such i′′ exists
because ` ≥ 5. Then, we have δ[`]\{jcore}(T[i],T[i′′]) = δ[`]\{jcore}(T[i],T[i′′]) = 2. Hence
it must hold that T[i, jcore] = T[i′, jcore] to satisfy δ(T) ≤ 2. Let σ = T[i, jcore] for
i ∈ [n] with T′[i] ∈ V. Note that each row vector T[i] is of one of the following types:
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(a) The case |V| = 0. (b) The case |V| ≥ 4.

Figure 4.1: Illustration of Lemma 4.11 with n = 6 and jcore = 2. A white cell denotes 0
and a black cell denotes 1.

Figure 4.2: An example of a matrix with both radius and diameter 2. A white cell
denotes 0 and a black cell denotes 1.

• T[i, jcore] 6= σ and T[i, [`] \ {jcore}] = T[n, [`] \ {jcore}].

• T[i, jcore] = σ and δ[`]\{jcore}(T[i],T[n]) ≤ 1.

Hence, it holds that δ(v,T) ≤ 1 for a vector v ∈ Σ` such that v[jcore] = σ and v[j] =
T[n, j] for each j ∈ [`] \ {jcore}.

Note that Lemma 4.11 does not necessarily hold when ` ≤ 4, as shown in Figure 4.2.
We give a reduction from MinDMC to MinRMC in the next theorem.

Theorem 4.12. MinDMC can be solved in time O(n`) when |Σ| is a constant and
d = 2.

Proof. Let I = (S, d) be an instance of MinDMC where S ∈ (Σ∪{∗})n×` and d = 2. We
use the algorithm described in Lemma 4.1 if ` ≤ 4. Since |Σ| and ` are both constants
here, this procedure completes in time O(n`). So we can assume that ` ≥ 5.

We claim that I is a Yes instance if and only if the MinRMC instance I ′ = (S, 1)
is Yes instance.

(⇒) Let T be a completion of S with δ(T) ≤ 2. Since ` ≥ 5, there exists a vector v
such that δ(v,T) ≤ 1 by Lemma 4.11. It follows that I ′ is a Yes instance.

(⇐) Let v be a solution of I ′. Let T be the matrix such that T[i] = S[i]⊕ v for each
i ∈ [n] (S[i] ⊕ v denotes the vector obtained by filling each missing entry in S[i] with
the symbol in the corresponding position of v). Then, we have δ(v,T[i]) ≤ 1 for each
i ∈ [n]. By the triangle inequality, we obtain δ(T[i],T[i′]) ≤ δ(v,T[i]) + δ(v,T[i′]) ≤ 2

Since MinRMC can be solved in linear time when d = 1 (Theorem 3.2), MinDMC
can be solved in linear time when |Σ| is a constant and d = 2.

We extend Theorem 4.12 to the case of unbounded alphabet size. We have to show
that MinDMC can be solved in polynomial time when ` ≤ 4.
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Lemma 4.13. MinDMC can be solved in time O(|Σ|6 · n3) when ` ≤ 4.

Proof. First we verify whether a completion within diameter 1 is feasible by Lemma 4.3.
Suppose that the input matrix S ∈ (Σ∪{∗})n×` can be completed into a matrix T ∈ Σn×`

with δ(T) = 2. Let i1, i2 ∈ [n] be such that δ(T[i1],T[i2]) = 2 and Q(T[i1],T[i2]) =
{j1, j2} Assume without loss generality that j1 = 1 and j2 = 2. Suppose that T[i1] =
α1α2γ1γ2 and T[i2] = β1β2γ1γ2 for α1, α2, β1, β2, γ1, γ2 ∈ Σ. Since every column of T
is dirty, there are row indices i 6= i′ ∈ [n] such that T[i, 3] = δ1 6= γ1 and T[i′, 4] =
δ2 6= γ2. Then we have two cases: either (i) T[i] = α1β2δ1γ2 and T[i] = α1β2γ1δ2 or
(ii) T[i] = β1α2δ1γ2 and T[i] = β1α2γ1δ2. Assume that case (i) holds. Then for every
i ∈ [n], the row vector T[i] is in the form σβ2γ1γ2, α1σδ1γ2, α1β2σγ2, or α1β2γ1σ for an
arbitrary symbol σ ∈ Σ. We can try all possible candidates for j1, j2 ∈ [`], i1, i2 ∈ [n],
and α1, α2, β1, β2, γ1, γ2 ∈ Σ in time O(|Σ|6 · n2) and verify for each row vector whether
it can be completed into one of the four types. We can handle case (ii) analogously.

Since our reduction to MinRMC in the case of ` ≥ 5 can be applied even if the
alphabet size is unbounded, we obtain the following theorem.

Theorem 4.14. MinDMC can be solved in time O(|Σ|6 · n3 + n`) when d = 2.

4.2.2 Polynomial-time algorithm for the case |Σ| = 2 and d = 3

We will prove that MinDMC can be solved in polynomial time when |Σ| = 2 and d = 3
in this section. The overall idea is similar to the case d = 2. We first show that the set
family corresponding to a binary matrices with diameter at most 3 contains a strong ∆-
system by Lemma 4.7 (see Lemma 4.17). We then show that each row vector (set) must
fulfill certain properties due to the presence of the strong ∆-system (see Lemma 4.18).
Finally in Theorem 4.19, we obtain a polynomial-time algorithm by reducing to the
tractable cases of MinRMC and MinDMC. We start with an observation on a matrix
whose diameter is at most 3. We remark that this observation is also noted by Froese
et al. [Fro+16].

Observation 4.15. Let T ∈ {0, 1}n×` be a matrix with T[n] = 0` and δ(T) ≤ 3.
Suppose that there exist row indices i1, i2, i3, i

′
3 ∈ [n] such that δ(T[i1],T[n]) = 1,

δ(T[i2],T[n]) = 2, δ(T[i3],T[n]) = 3, and δ(T[i3],T[n]) = 3. Then, we have the follow-
ing:

(i) P1(T[i1]) ⊆ P1(T[i3]).

(ii) |P1(T[i2]) ∩ P1(T[i3])| ≥ 1.

(iii) |P1(T[i3]) ∩ P1(T[i′3])| ≥ 2.

With this observation, we show the following lemma analogous to Lemma 4.10. The
proof proceeds in the same way using induction.

Lemma 4.16. Let T ∈ {0, 1}n×` be a matrix with T[n] = 0` and δ(T) ≤ 3, where every
column is dirty. Let I3 = {i ∈ [n] | δ(T[i],T[n]) = 3} be the row vectors that contain
exactly three 1’s and let n3 = |I3|. If n3 ≥ 1, then |

⋃
i∈I3 P1(T[i])| ≤ n3 + 2.
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Proof. We prove the claim by induction over n3. First, note that if n3 = 1, then we
have |

⋃
i∈I3 P1(T[i])| = 3. Suppose that n3 ≥ 2. Choose an arbitrary row index i ∈ I3.

Then, we have∣∣∣∣∣ ⋃
i′∈I3

P1(T[i′])

∣∣∣∣∣ =

∣∣∣∣∣ ⋃
i′∈I3\{i}

P1(T[i′])

∣∣∣∣∣+

∣∣∣∣∣Pi(T[i])
∖ ⋃

i′∈I3\{i}

P1(T[i′])

∣∣∣∣∣ ≤ n3 + 2.

The last inequality is due to the fact that the first term is at most n3 + 1 by induction
hypothesis and the second term is at most 1 by Observation 4.15 (iii).

In order to obtain a strong ∆-system by Lemma 4.7, one has to show that a binary
matrix of diameter 3 contains a row vector u such that there are at least five row vectors
at distance 3 from u. In the next lemma, we show that it holds when the matrix has at
least 10 columns.

Lemma 4.17. Let T ∈ {0, 1}n×` be a matrix with ` ≥ 10 and δ(T) = 3. Suppose that
T contains distinct rows and that T[:, j] contains both 0 and 1 for each j ∈ [`]. Then,
there exist row indices i0 ∈ [n] and I ⊆ [n] such that |I| ≥ 5 and δ(T[i0],T[i]) = 3 for
each i ∈ I.

Proof. Without loss of generality, assume that T[n − 1] = 1110`−3 and T[n] = 0`. Let
Ix = {i ∈ [n] | |P1(T[i])| = x} be the row vectors in which the number of 1’s is exactly x
for x ∈ {1, 2, 3}. If |I3| ≥ 5, then the statement holds with i0 = n. Assume that |I3| ≤ 4.
Due to Lemma 4.16, we have |J3| ≤ 6 for J3 = {j ∈ [`] | ∃i ∈ I3 : T[i, j] = 1}. For each
j ∈ [`] \ J3, there exists i ∈ [n] such that T[i, j] = 1 because every column is dirty. We
claim that these row indices must be in I2. Observation 4.15 (i) yields that there exists
no i ∈ I1 such that P1(T[i]) \ J 6= ∅. This implies those row indices cannot be in I1. By
definition of J3, they cannot be in I3 either. Hence, we see that for each j ∈ [`]\J3, there
exists a row index i ∈ I2 such that T[i, j] = 1. These row indices are distinct: Any row
indices i, i′ ∈ [n] such that T[i, j] = T[i′, j′] = 1 for distinct column indices j, j′ ∈ [`]\J3

must satisfy that i 6= i′. To see this, note that at least one of T[i, 1], T[i, 2], and T[i, 3]
equals 1 for each i ∈ I2 (Observation 4.15 (ii)). In fact, exactly one of T[i, 1], T[i, 2],
and T[i, 3] equals 1 for each i ∈ I2 such that T[i, j] = 1 for some j ∈ [`]\J3 because T[i]
contains exactly two 1’s. It means that δ(T[i],T[n − 1]) = 3 for those row indices i’s.
Let I ′2 ⊆ I2 be the set of such row indices. I ′2 contains at least |[`] \ J3| ≥ 4 distinct row
indices. It is easy to verify that the statement of the lemma holds with i0 = n− 1 and
I = I ′2 ∪ {n}.

We remark that the constraint ` ≥ 10 in Lemma 4.17 is tight: There exists an 8× 9
binary matrix in which Lemma 4.17 does not hold (see Figure 4.3). With Lemma 4.17 at
hand, we are ready to reveal the structure of a diameter-3 matrix. Intuitively speaking,
a matrix T with δ(T) = 3 contains two column indices j1 and j2 with the following
property: In the submatrix T[:, [`] \ {j1, j2}] obtained by removing the j1-th and j2-th
column vectors, there exists a row vector such that each row vector differs from it on at
most one column. In fact, we can see in Figure 4.4 that each row vector in the submatrix
contains at most one 1. More precisely, we prove the following:
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Figure 4.3: A matrix with ` = 9 in which Lemma 4.17 does not hold. Observe that for
each row vector, there are exactly four row at distance three.

Lemma 4.18. Let T ∈ {0, 1}n×` be a matrix with ` ≥ 10 and δ(T) = 3. Suppose that
T contains distinct rows and dirty columns. Then, there exist a row index i0 ∈ [n] and
distinct column indices J = {j1, j2} ⊆ [`] such that [n] = H0 ∪H1 ∪H2 ∪H3 where

• H0 = {i ∈ [n] | T[i, [`] \ J ] = T[i0, [`] \ J ]},

• H1 = {i ∈ [n] | T[i, j1] = T[i0, j1],T[i, j2] 6= T[i0, j2], δ[`]\J(T[i],T[i0]) = 1},

• H2 = {i ∈ [n] | T[i, j1] 6= T[i0, j1],T[i, j2] = T[i0, j2], δ[`]\J(T[i],T[i0]) = 1},

• H3 = {i ∈ [n] | T[i, j1] 6= T[i0, j1],T[i, j2] 6= T[i0, j2], δ[`]\J(T[i],T[i0]) = 1}.

See Figure 4.4 for an illustration of the partition. Moreover, exactly one of the following
holds:

(i) |H1| = 0 or |H2| = 0.

(ii) |H1| = 1 and |H2| = 1. Furthermore, there exists a column index j3 ∈ [`] such that
T[i1, j] = T[i2, j3] = χ[j = j3] for each j ∈ [3, `] for H1 = {i1} and H2 = {i2}.

Proof. By Lemma 4.17, we have a row index i0 and a set I3 of row indices such that
|I3| ≥ 5 and δ(T[i0],T[i3]) = 3 for each i3 ∈ I3. Without loss of generality, assume that
T[i0] = 0`. Let Ix = {i ∈ [n] | |P1(T[i])| = x} for x ∈ {0, 1, 2, 3}. Consider the set family
F = {P1(T[i3]) | i3 ∈ I3}. By definition, F is a 3-uniform set system. Moreover, F is
a weak ∆-system with intersection size 2 (Observation 4.15 (iii)). Hence, Lemma 4.7
gives us columns indices j1, j2 ∈ [`] such that T[i3, j1] = T[i3, j2] = 1 for each i3 ∈ I3.
Without loss of generality, assume that j1 = 1 and j2 = 2. By definition, we have
I3 ⊆ H3. For each i ∈ I1, we have that exactly one of the first two entries is 1 due
to Observation 4.15 (i). Hence, we have that i ∈ H0 if i ∈ I1, meaning that I1 ⊆ H0.
Now suppose that i ∈ I2. It follows from Observation 4.15 (ii) that at least one of the
first two entries of T[i] is 1. If the first two entries are both 1, then we have i ∈ H0 by
definition. If exactly one of T[i, 1] and T[i, 2] equals one, then we have i ∈ H1 or i ∈ H2.
This means that I2 ⊆ H0∪H1∪H2. Note also that I0 ⊆ H0. Since [n] = I0∪ I1∪ I2∪ I3,
we obtain [n] = H0 ∪H1 ∪H2 ∪H3.

Now we show that property (i) or (ii) must hold. Suppose that |H1| ≥ 2 and |H2| ≥ 1.
Let i1, i

′
1 ∈ H1 and i2 ∈ H2 be distinct row indices. Then, δ(T[i1],T[i2]) = 4 or

δ(T[i′1],T[i2]) = 4 must hold because T contains distinct rows. This is a contradiction,
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H0

H1

H3

j1 j2
i0

(a) Lemma 4.18 (i)

j1 j2 j3
i0 H0

H1

H2

H3

(b) Lemma 4.18 (ii)

Figure 4.4: Illustration of Lemma 4.18 with smaller `. Lemma 4.18 does not hold in
general for ` < 10, but this example serves our purpose. Each white cell denotes 0 and
each black cell denotes 1. The submatrix marked by the dashed line in each figure depicts
the underlying idea of the reduction in Theorem 4.19. Observe that the diameter of the
submatrix in Figure 4.4a is 2. In Figure 4.4b, observe that each row vector contains at
most one 1 in the submatrix. Furthermore, note that a vector in the entire matrix starts
with 110 if it contains 1 in the submatrix.

and thus we have that |H1| = 0, |H1| = 1, or |H2| = 0. We obtain |H2| = 0, |H2| = 1, or
|H1| = 0 analogously. If |H1| = 0 or |H2| = 0, then property (i) is satisfied. Otherwise
we have |H1| = |H2| = 1. Since δ(T) ≤ 3, it holds that P1(T[i1]) = {1, j3} and
P1(T[i2]) = {2, j3} for some j3 ∈ [`] (otherwise we have δ(T[i1],T[i2]) = 4).

We exploit the structure described in Lemma 4.18 to obtain a polynomial-time algo-
rithm.

Theorem 4.19. MinDMC can be solved in time O(n`4) and O(n`+ n5) when |Σ| = 2
and d = 3.

Proof. We first apply Theorem 4.12 to determine whether there exists a completion
T ∈ {0, 1}n×` of S such that δ(T) ≤ 2. If so, we can conclude that I is a Yes instance.
Otherwise it remains to determine whether there exists a solution matrix T with δ(T) =
3. We can assume that ` ≥ 10 by Lemma 4.1. Suppose that there exists such a matrix
T ∈ {0, 1}n×`. Consider the matrix T′ obtained by removing duplicate row vectors
of T. Note that T′ meets the preconditions of Lemma 4.18, which gives two cases:
Lemma 4.18 (i) and (ii). We are going to use a reduction to MinDMC with d = 2 to
handle case (i) and RCMC (recall that RCMC is a generalization of MinRMC where
the distance bound can be specified for each row vector) for case (ii).

We describe the construction. Let us define the instance Ij of MinDMC to be
(S[:, [`] \ {j}], 2) for each j ∈ [`] and let I1 = {Ij | j ∈ [`]}. This corresponds to
case (i). The basic idea is that the diameter decreases to 2 once an appropriate column
vector is removed (in Figure 4.4a the submatrix leaving out the first column vector has
diameter 2). Now we describe the construction for case (ii). Let j1, j2, j3 ∈ [`] be three
distinct column indices and let J = (j1, j2, j3) be a vector. For any such vector J and any
binary vectorX = [x1, x2, x3] ∈ {0, 1}3, let us define an instance IJ,X = (SJ,X , d1, . . . , dn)
of RCMC as follows:
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• SJ,X = S[:, [`] \ {j1, j2, j3}].

• For each i ∈ [n], let

di =

{
1 if δ(S[i, {j1, j2, j3}], [1− x1, 1− x2, x3]) = 0

0 otherwise.

We define I2 as those instances IJ,X in which δ(S[i, {j1, j2, j3}], [1− x1, 1− x2, x3]) ≤ 2
holds for each i ∈ [n]. In other words, we exclude instances such that S[i, {j1, j2, j3}] =
[x1, x2, 1−x3] holds for some i ∈ [n]. The idea of the reduction is illustrated in Figure 4.4b
for the case (j1, j2, j3) = (1, 2, 3): For any row vector that does not start with 110, the
remaining entries all must be 0. Otherwise at most one of the remaining entries can
become 1. We claim that I is a Yes instance if and only if at least one instance in I1 or
I2 is a Yes instance.

(⇒) By Lemma 4.18, T′ admits a row index i′0 ∈ [n′], column indices j′1, j′2, (and
j′3) ∈ [`], and a partition of row indices H ′0, H

′
1, H

′
2, H

′
3 such that Lemma 4.18 (i) or (ii)

holds. We examine each case.

• Suppose that Lemma 4.18 (i) holds. We will show that at least one instance of
I1 is a Yes instance. Without loss of generality, assume that T′[i′0] = 0`, j′1 = 1,
j′2 = 2, and |H ′2| = 0 (see Figure 4.4a). We claim that δ(T′[i′, [2, `]], 10`−2) ≤ 1
holds for each i′ ∈ [n′]. If i′ ∈ H ′0, then we have T′[i, [3, `]] = 0`−2. Otherwise we
have i ∈ H1∪H3, which gives us T′[i, 2] = 1 and δ(T[i, [3, `−1]], 0`−2) ≤ 1. In both
cases, we obtain δ(T′[i, [2, `]], 10`−2) ≤ 1. It follows from the triangle inequality
then that δ(T′[:, [2, `]]) ≤ 2. It means that δ(T[:, [2, `]]) ≤ 2 and thus the instance
I1 ∈ I1 is a Yes instance.

• Suppose that Lemma 4.18 (ii) holds. We show that IJ,X is a Yes instance where
J = (j′1, j

′
2, j
′
3) and X = (T′[i′0, j

′
1],T[i′0, j

′
2],T[i′0, j

′
3]). Without loss of generality,

assume that T′[i′0] = 0` and (j′1, j
′
2, j
′
3) = (1, 2, 3) (see Figure 4.4b). Observe that

T′[i′, [4, `]] = 0`−3 holds for each i′ ∈ H0 ∪H1 ∪H2. Consider a row index i′ ∈ H3.
If T′[i′, [3]] = 111, then we have T′[i′, [4, `]] = 0`−3 by Lemma 4.18. Otherwise
we have T′[i′, [3]] = 110 and δ(T′[i′, [4]], 0`−3) ≤ 1. It means that IJ,X is a Yes
instance with solution 0`−3.

(⇐) There are two cases, namely the case in which a Yes instance contained in I1

and in I2.

• If Ij ∈ I1 is a Yes instance, then there exists a completion Tj ∈ {0, 1}n×(`−1) of
S[:, [`] \ {j}] such that δ(Tj) ≤ 2. Let T be a matrix in which

T[i] = (Tj [1], . . . ,Tj [j − 1], χ[S[i, j] = 1],Tj [j], . . . ,Tj [`− 1])

for each i ∈ [n]. Because we set T[i, j] = S[i, j] whenever S[i, j] 6= ∗, the resulting
matrix T is a completion S. Since T contains one more column than Tj , it follows
that δ(T) ≤ 3.
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• Suppose that an instance of I2 is a Yes instance. Without loss of generality, assume
that I(1,2,3),(x1,x2,x3) is a Yes instance with a solution t′ = (t′1, . . . , t

′
`−3) ∈ {0, 1}`−3.

Let us define a vector t = (1 − x1, 1 − x2, x3, t
′
1, . . . , t

′
`−3) ∈ {0, 1}`. We construct

a completion T of S by setting T[i] = S[i] ⊕ t or each i ∈ [n]. We will show that
δ(T[i],T[i′]) ≤ 3 holds for each i, i′ ∈ [n].

We start with the following two observations: First observe that δ(T[i], t) ≤ 1 for
each row index i ∈ [n] such that di = 1. Moreover, we have δ(T[i], t) ≤ 2 for each
i ∈ [n] such that di = 0, which follows from the fact that T[i, [3]] 6= (x1, x2, 1−x3)
(this is because we excluded from I2 instances in which S[i, [3]] = (x1, x2, 1− x3))
and T[i, [4, `]] = t′. Suppose that di = 1. Then, we have δ(T[i],T[i′]) ≤ δ(T[i], t)+
δ(T[i′], t) ≤ 3 by the triangle inequality. If di′ = 0, then we obtain δ(T[i],T[i′]) ≤ 3
analogously. So assume that di = di′ = 0. Since T[i, [4, `]] = T[i′, [4, `]] = t′, we
have that δ(T[i],T[i′]) = 3 in this case as well. Thus, we have δ(T) ≤ 3.

Now we analyze the time complexity. It takes O(n`) time to solve each MinDMC
instance in I1 by Theorem 4.12. Moreover, we construct O(`3) RCMC instances I2,
each of which can be solved in O(n`) time by Theorem 3.2. Hence, MinDMC can be
solved in time O(n`4) when |Σ| = 3 and d = 2. Once all columns that are not dirty are
removed (which takes time O(n`)), we can assume that ` ≤ nd, using the argument of
Lemma 3.7. Hence, MinDMC can be also solved in time O(n`+ n5) when |Σ| = 3 and
d = 2..

4.2.3 NP-hardness for the case d = 4

We have seen in the previous sections that MinDMC can be solved in polynomial time
when |Σ| = 2 and d ≤ 3. In this section, we show that MinDMC is NP-hard even if
|Σ| = 2 and d = 4. Thus, we obtain a complexity dichotomy regarding d for cases where
the input matrix is binary.

Theorem 4.20. MinDMC is NP-hard even if |Σ| = 2 and d ≥ 4.

Proof. Hermelin and Rozenberg [HR15] proved that MinRMC is NP-hard even for |Σ| =
2 and d = 2. We take advantage of this result to give a reduction from MinRMC.

Let I = (S, d = 2) be an instance of MinRMC where S ∈ {0, 1, ∗}n×`. Let S′ ∈
{0, 1, ∗}(n+1)×(`+2) be a matrix such that

• S′[i] is obtained by appending 00 to S[i] for each i ∈ [n].

• S[n+ 1] is obtained by appending 11 to ∗n.

We claim that I is a Yes instance if and only the MinDMC instance I ′ = (S′, 4) is a
Yes instance.

(⇒) Let v ∈ {0, 1}` be a solution of I. Let T′ be a completion of S′ such that
T′[i, [`]] = S′[i]⊕ v for each i ∈ [n+ 1]. Note that δ(T′[i],T′[n+ 1]) = δ(S[i], v) + 2 ≤ 4
for each i ∈ [n]. Also note that δ(T′[i],T′[i′]) = δ(S[i],S[i′]) ≤ δ(v,S[i]) + δ(v,S[i′]) ≤ 4
for each i, i′ ∈ [n] by the triangle inequality.

(⇐) Let T′ be a solution of I ′ and let v = T′[n + 1, [`]]. It is easy to see that
δ(S[i], v) = δ(T′[i],T′[n+ 1])− 2 ≤ 2 for each i ∈ [n].
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4.3 Parameter k

We consider the maximum number k of missing entries in any row as a parameter.
Observe that MinDMC becomes trivial when k = 0. It implies that there is no missing
entry in the input matrix S. One can verify whether δ(S) ≤ d in O(n2`) time. We show
in Section 4.3.1 that MinDMC can be solved in the same running time O(n2`) when
k = 1. On the other hand, MinDMC turns out to be NP-hard even if |Σ| = 2 and k = 2
as we will see in Section 4.3.2.

4.3.1 Polynomial-time algorithm for the case k = 1

We show that MinDMC can be solved in polynomial time via a reduction to 2-SAT.
As in Theorem 3.2, we will use the efficient encoding C≤1 of the at-most-one constraint
(the definition is given in Section 2.3).

Theorem 4.21. MinDMC can be solved in time O((|Σ|+ `) · n2) when k = 1.

Proof. First, we find the distances δ(S[i],S[i′]) for each i, i′ ∈ [n] in time O(n2`). We
immediately return No if there exist row indices i, i′ ∈ [n] such that δ(S[i],S[i′]) > d.
Suppose that there exists i ∈ [n] such that S[i] is a row vector with no missing entry.
Then, we remove the row vector S[i] after filling the missing entry (if any) of S[i′] by
the entry of S[i] in the corresponding position for each i′ ∈ [n] where δ(S[i],S[i′]) = d.
We do so as long as there is a row vector that contains no missing entry. Note that it
takes O(n`2) time as we spend O(n`) time for each row vector. Henceforth, we assume
that δ(S[i],S[i′]) ≤ d for any i, i′ ∈ [n] and that every row vector has exactly one missing
entry.

Let pi ∈ [`] be such that S[i, pi] = ∗ for each i ∈ [n]. In order to find a solution
matrix, we must find values T[i, pi] that satisfy the following constraints:

• (T[i, pi] = T[i′, pi])∨(T[i, pi′ ] = T[i′, pi′ ]) for each i, i′ ∈ [n] such that δ(S[i],S[i′]) =
d− 1 and pi 6= pi′ .

• (T[i, pi] = T[i′, pi])∧(T[i, pi′ ] = T[i′, pi′ ]) for each i, i′ ∈ [n] such that δ(S[i],S[i′]) = d
and pi 6= pi′ .

• (T[i, pi] = T[i′, pi′ ]) for each i, i′ ∈ [n] such that δ(S[i],S[i′]) = d and pi = pi′ .

Note that row indices i, i′ ∈ [n] with δ(S[i],S[i′]) ≤ d − 2 yield no constraint. This is
because, regardless of the choice of T[i, pi] and T[i′, pi′ ], we have δ(T[i],T[i′]) ≤ d. We
show that these constraints can be encoded in a 2-CNF formula.

For each i ∈ [n], we introduce a variable xi,σ for each σ ∈ Σ. The intended meaning
of xi,σ is to have T[i, pi] = σ when xi,σ is true. Let Xi = {xi,σ | σ ∈ Σ}. We let
φ = φ1 ∧ φ2 ∧ φ3 ∧ φ4:

• First, we define

φ1 =
∧
i∈[n]

C≤1(Xi).

This ensures that at most one of the variables in Xi becomes true.
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• The formula φ2 ensures that the number of differences between S[i] and S[i′] that
columns pi and pi′ are going to induce is at most one if δ(S[i],S[i′]) = d− 1:

φ2 =
∧

i, i′∈[n]
δ(S[i],S[i′])=d−1

pi 6=pi′

(xi,S[i′,pi] ∨ xi′,S[i,pi′ ]
).

• We define the formula φ3 which only consists of singleton clauses:

φ3 =
∧

i, i′∈[n]
δ(S[i],S[i′])=d

pi 6=pi′

(xi,S[i′,pi]) ∧ (xi′,S[i,pi′ ]
).

This ensures that T[i] and T[i′] match on columns pi and pi′ if δ(S[i],S[i′]) = d
and pi 6= pi′ .

• Finally, we define the formula φ4, which will guarantee that T[i, pi] = T[i′, pi] if
δ(S[i],S[i′]) = d and pi = pi′ :

φ4 =
∧

i, i′∈[n]
δ(S[i],S[i′])=d

pi=pi′

∧
σ∈Σ

(xi,σ ∨ ¬xi′,σ) ∧ (¬xi,σ ∨ xi′,σ).

Altogether φ contains O(|Σ| · n) variables and O(|Σ| · n2) clauses. Next, we show the
correctness of the reduction.

(⇒) Suppose that there exists a completion T ∈ Σn×` of S such that δ(T) ≤ d. For
each i ∈ [n] and each σ ∈ Σ, we set xi,σ = χ[T[i, pi] = σ]. Note that this assigns 1 to
exactly one variable in Xi and hence satisfies φ1. By construction, this truth assignment
satisfies φ2, φ3, φ4 as well.

(⇐) Suppose that there exists a satisfying truth assignment ϕ. We will construct a
matrix T ∈ Σn×` such that δ(T) ≤ d. For this construction, it is sufficient to specify the
value of T[i, pi] for each i ∈ [n]. Let I∗ denote the row indices i such that ϕ(xi,σ) = 0
for all σ ∈ Σ. Observe that for each i ∈ [n], there exists at most one variable xi,σ ∈ Xi

such that ϕ(xi,σ) = 1 in order to satisfy φ1. For each i ∈ [n] \ I∗, it follows that there
exists exactly one σ ∈ Σ such that ϕ(xi,σ) = 1. We fix an arbitrary character σ∗ ∈ Σ. If
i ∈ I∗, then we set T[i, pi] = σ∗. Otherwise, we set T[i, pi] = σ where σ is a character
such that ϕ(xi,σ) = 1. We claim that δ(T) ≤ d:

• For each i, i′ ∈ [n] such that δ(S[i],S[i′]) ≤ d− 2, we have

δ(T[i],T[i′]) = δ(S[i],S[i′]) + δ{pi,pi′}(T[i],T[i′]) ≤ d.

• Suppose that δ(S[i],S[i′]) = d − 1. If both i ∈ I∗ and i′ ∈ I∗ hold, then the
clause (xi,S[i′,pi] ∨ xi,S[i,pi′ ]

) of φ2 evaluates to false in ϕ. Thus, either i 6∈ I∗ or
i′ 6∈ I∗ must hold. Without loss of generality, assume that i 6∈ I∗. It gives us that
T[i, pi] = S[i′, pi] = T[i′, pi]. Hence,

δ(T[i],T[i′]) = δ(S[i],S[i]) + δ(T[i, pi],T[i′, pi]) + δ(T[i, pi′ ],T[i′, pi′ ]) ≤ d.
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• Suppose that δ(S[i],S[i′]) = d. If pi 6= pi′ , then we have T[i, pi] = T[i′, pi] and
T[i′, pi′ ] = T[i, pi′ ] because φ3 contains singleton clauses (xi,S[i′,pi]) and (xi′,S[i,pi′ ]

).
Hence, δ(T[i],T[i′]) = d.

Now suppose that pi = pi′ . We show that T[i, pi] = T[i′, pi′ ]. If i 6∈ I∗, then there
exists a symbol σi ∈ Σ such that ϕ(xi,σi) = 1. Since φ4 contains a clause (¬xi,σi ∨
xi′,σi), it follows that ϕ(xi′,σi) = 1. Thus, we have T[i, pi] = T[i′, pi′ ] = σi. On the
other hand, suppose that i ∈ I∗. If there exists σ′i ∈ Σ such that ϕ(xi′,σ′i) = 1, then
the truth assignment ϕ does not satisfy the clause (xi,σ′i ∨¬xi′,σ′i) in φ4. Thus, we
infer that i′ ∈ I∗. By construction, this means that T[i, pi] = T[i′, pi′ ] = σ∗. We
have T[i, pi] = T[i′, pi′ ] in both cases. Hence, we have δ(T[i],T[i′]) = d.

Recall that φ uses O(|Σ| ·n) variables and O(|Σ| ·n2) clauses. Since 2-SAT can be solved
in linear time [APT79], we obtain a procedure that solves MinDMC in the claimed time
when k = 1.

We remark that the quadratic dependence on n in the running time of the algorithm
of Theorem 4.21 is probably inevitable. To conditonally prove this, we will use the
Orthogonal Vectors conjecture, which states that Orthogonal Vectors cannot
be solved in time O(n2−δ · `c) for any δ, c > 0.

Orthogonal Vectors
Input: Sets U ,V of row vectors in {0, 1}` with |U| = |V| = n.
Question: Are there row vectors u ∈ U and v ∈ V such that u[j] · v[j] = 0 holds

for all j ∈ [`]?

We claim that the diameter of a matrix cannot be computed in time O(n2−δ · `c)
assuming the Orthogonal Vectors. It is widely known that the SETH implies the
Orthogonal Vectors conjecture [Gao+19]. Hence, our claim implies that there is no
algorithm for computing the diameter of a matrix in time O(n2−δ · `c) for any δ, c > 0,
unless the SETH break. Let u1, . . . , un, v1, . . . , vn ∈ {0, 1}` be row vectors. Consider the
matrix T ∈ {0, 1}2n×6` where

T[i, [3j − 2, 3j]] =


001 if j ≤ ` and ui[j] = 0

111 if j ≤ ` and ui[j] = 1

000 otherwise

T[n+ i, [3j − 2, 3j]] =


010 if j ≤ ` and vi[j] = 0

111 if j ≤ ` and vi[j] = 1

111 otherwise

for each i ∈ [n] and j ∈ [2`]. It is easy to see that there are i, i′ ∈ [n] such that ui and vi′

are orthogonal if and only if δ(T) = 5` (see Figure 4.5 for an illustration). It follows
that MinDMC cannot be solved in time O(n2−δ · `c) for any δ, c > 0 unless the SETH
breaks.
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T =


001 111 001 000000000
111 001 001 000000000

111 111 010 111111111
111 010 111 111111111


Figure 4.5: An illustration of the reduction from Orthogonal Vectors, where U =
{010, 110} and V = {110, 101}.

4.3.2 NP-hardness for the case k = 2

In this section we prove that MinDMC is NP-hard even if |Σ| = 2 and k = 2. MinDMC
asks for a matrix minimizing the pairwise Hamming distance among all row vectors. In
designing a reduction for a hardness proof, it is inconvenient if one has to minimize
Hamming distances of all pairs (rather than certain pairs). To lift this constraint, we
introduce a matrix to increase the distance of one specific pair of row vectors relative to
all other pairs.

Let n ∈ N with n ≥ 3. First let us define a binary matrix An ∈ {0, 1}n×(2n−1) as
follows:

An =



1 0 0 0 0 · · · 0 0 0 · · · 0
0 1 0 0 0 · · · 0 0 0 · · · 0
1 1 1

I I
1 1 1

...
1 1 1


,

where I is an (n − 2) × (n − 2) identity matrix. Note that δ(An[i],An[i′]) = 2 if
(i, i′) = (1, 2) and δ(An[i],An[i′]) = 4 otherwise for all i < i′ ∈ [n]. We also define
the matrix An

i,i′ obtained from An by swapping the row vectors An[1] (and An[2]) with
An[i] (and An[i′], respectively) for each i < i′ ∈ [n]. Then the matrix An

i,i′ is a matrix
in which the distance between the i-th and i′-th row vectors are exactly two smaller
than all other pairs. Now we use the matrix An

i,i′ to obtain a binary matrix in which
the distance of a certain pair of row vectors is exactly two greater than all others. We
define Bn

i,i′ ∈ {0, 1}n×` with ` = (
(
n
2

)
−1)(2n−1) as the matrix obtained by horizontally

stacking
(
n
2

)
− 1 matrices An

h,h′ for all h < h′ ∈ [n] with (h, h′) 6= (i, i′):

Bn
i,i′ =

[
An

1,1 · · ·An
1,n · · ·An

i,i+1 · · ·An
i,i′−1A

n
i,i′+1 · · ·An

i,n · · ·An
n−1,n

]
Observe that δ(Bn

i,i′ [i],B
n
i,i′ [i

′]) = 4·(
(
n
2

)
−1) = 2n(n−1)−4, since δ(An

i,i′ [h],An
i,i′ [h

′]) = 4
for all h < h′ ∈ [n] with (h, h′) 6= (i, i′). Note also that for each h < h′ ∈ [n] with
(h, h′) 6= (i, i′), we have δ(Bn

i,i′ [h],Bn
i,i′ [h

′]) = 2n(n−1)−6 because the distance between

An
i,i′ [h̃] and An

i,i′ [h̃
′] is 4 for every h̃ < h̃′ ∈ [n] except that it is smaller by two for the

pair An
i,i′ [i] and An

i,i′ [i
′].

We remark that the construction of Bn
i,i′ is optimal in the sense that there is no binary

matrix with at least four rows where a pair of row vectors has distance one greater than all
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others. It follows from an observation that the summed distance δ(u, v)+δ(v, w)+δ(w, u)
of binary vectors u, v, w ∈ {0, 1}` is always even. Assume without loss of generality that
v = 0`. Then, we can rewrite the distance as δ(u, v) = |P1(u)| = |P1(u) ∩ P1(u)| +
|P1(u) \ P1(w)|, δ(v, w) = |P1(w)| = |P1(w) ∩ P1(u)| + |P1(w) \ P1(u)|, and δ(w, u) =
|P1(u)4P1(w)|. The addition of these equations yields δ(u, v) + δ(v, w) + δ(w, u) =
2(|P1(u)∩P1(w)|+|P1(u)4P1(w)|), showing that it is an even number. Let B ∈ {0, 1}n×`
be a binary matrix with n ≥ 4 such that δ(B[1],B[2]) = d+ 1 and δ(B[i],B[i′]) = d for
all i < i′ ∈ [n] except (i, i′) = (1, 2). Since the pairwise distances of B[1],B[3],B[4] are
all equal to d, it follows that d is even. This however means that the sum over pairwise
distances of B[1],B[2],B[3] is an odd number 3d+ 1. This shows that our matrix Bn

i,i′

is the best attainable.
The matrix Bn

i,i′ will play a crucial role in the following NP-hardness proof of
MinDMC for the case |Σ| = 2 and k = 2.

Theorem 4.22. MinDMC is NP-hard even if |Σ| = 2 and k = 2.

Proof. Our proof is based on a reduction from 3-SAT. We divide our proof into two
parts as follows. We first provide a set C of incomplete matrices and we prescribe rules
under which the matrices of C are completed. We prove that the given 3-CNF formula
is satisfiable if and only if the matrices C can be completed under those rules. We then
show that one can construct in polynomial time a single incomplete matrix S containing
each matrix in C as a submatrix, such that S admits a completion of diameter at most
d if and only if the completions to C according to the rules are feasible. We are going to
exploit the matrix Bn

i,i′ described above for this construction.

Part I. Let φ be an instance of 3-SAT with clauses C0, . . . , Cm−1. We assume that
there are exactly three literals of distinct variables in each clause. We define the following
matrix for each clause

Ci =


l1i 0 0 0 0 1 1

0 0 l2i 0 0 1 0
0 0 0 0 l3i 0 1
1 1 1 1 1 1 ci

 .
Here we use l1i , l

2
i , l

3
i , ci to represent two missing entries for notational purposes. Note

that the matrices Ci are identical for all i ∈ [0,m−1]. We will prove that φ is satisfiable
if and only if it is possible to complete matrices C = {Ci | i ∈ [0,m− 1]} satisfying the
following constraints:

(C1) The missing entries lji are filled by 00 or 11 for each i ∈ [0,m− 1] and j ∈ [3].

(C2) The missing entries ci are filled by 00, 01, or 10 for each i ∈ [0,m− 1].

(C3) If the missing entries ci are filled by 00 (01, 10), then l1i (l2i , l
3
i , respectively) are

filled by 11 for each i ∈ [0,m− 1].

(C4) Let Z be a set such that (i, j, i′, j′) ∈ Z if and only if the j-th literal in Ci and the
j′-th literal in Ci′ are the same variable of opposite sign for each i < i′ ∈ [0,m− 1]

and j, j′ ∈ [3]. If (i, j, i′, j′) ∈ Z, then either lji or lj
′

i′ is filled by 00.
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Note that one has three choices for the completion of ci by (C2). The intuitive idea
is that the completion of ci dictates which literal in the clause Ci is satisfied. Then, one
can obtain a satisfying truth assignment for φ, as we shall see in the following claim.

Claim 1. The formula φ is satisfiable if and only if the matrices C can be completed
according to (C1) to (C4).

Proof. (⇒) If there exists a truth assignment ϕ satisfying φ, then at least one literal in
the clause Ci evaluates to true for each i ∈ [0,m − 1]. We choose an arbitrary number
li ∈ [3] such that the li-th literal of Ci is satisfied in ϕ for each i ∈ [0,m− 1]. For each
i ∈ [0,m− 1] we complete the matrix Ci as follows:

• If li = 1, then the missing entries ci, l
1
i , l

2
i , l

3
i are filled by 00, 11, 00, 00, respectively.

• If li = 2, then the missing entries ci, l
1
i , l

2
i , l

3
i are filled by 01, 00, 11, 00, respectively.

• If li = 3, then the missing entries ci, l
1
i , l

2
i , l

3
i are filled by 10, 00, 00, 11, respectively.

It is easy to verify that the first three constraints (C1) to (C3) are fulfilled. We claim that
the last constraint (C4) is also satisfied. Suppose that there exist i < i′ ∈ [0,m− 1] and
j, j′ ∈ [3] such that the j-th (j′-th) literal in Ci (Ci′ , respectively) is x (¬x, respectively)

for some variable x (or its negation), and both lji and lj
′

i′ are filled by 11. Then it follows
from our completion of C that li = j and li′ = j′, meaning that ϕ satisfies both x and ¬x
(a contradiction).

(⇐) For each i ∈ [m] and j ∈ [3] where lji is filled by 11, we construct a truth
assignment such that the j-th literal of Ci is satisfied. No variable is given opposing
truth values by such a truth assignment because of constraint (C4). It also satisfies every
clause: Otherwise there exists an integer i ∈ [m] such that all l1i , l

2
i , l

3
i are completed by 00

due to (C1). Thus,we will utilize to we arrive at a contradiction because constraints (C2)
and (C3) imply that at least one of l1i , l

2
i , l

3
i is filled by 11.

Part II. We provided the matrices C as well as the constraints on the completion of C
in the previous part. Here we describe how one obtains the matrix S such that S can be
completed within diameter d if and only if C can be completed fulfilling (C1) to (C4).
Let us define the following matrix as a starting point:

C =


C′0 O

C′1

O

. . .

C′m−1

 ∈ {0, 1, ∗}11m×8m.
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Here C′i is a matrix with 8 rows and 11 columns defined as follows for each i ∈ [0,m−1]:

C′i =



l1i 0 0 0 0 1 1
0 0 l2i 0 0 1 0
0 0 0 0 l3i 0 1
1 1 1 1 1 1 ci
0 1 0 0 0 0 1 1
1 0 0 0 0 0 1 1
0 0 0 1 0 0 1 0
0 0 1 0 0 0 1 0
0 0 0 0 0 1 0 1
0 0 0 0 1 0 0 1
1 1 1 1 1 1 0 0



∈ {0, 1, ∗}11×8.

Note that the first four row vectors of C′i are identical to the row vectors of Ci and note
in particular that

• C′i[5] and C′i[6] can be obtained by completing the missing entries in C′i[1] with
01 and 10, respectively.

• C′i[7] and C′i[8] can be obtained by completing the missing entries in C′i[2] with
01 and 10, respectively.

• C′i[9] and C′i[10] can be obtained by completing the missing entries in C′i[3] with
01 and 10, respectively.

• C′i[11] can be obtained by completing the missing entries in C′i[4] with 00.

Let n = 11m be the number of rows in C. We obtain a matrix S by appending Bn
h,h′

horizontally ch,h′ (where ch,h′ is to be defined) times for each h < h′ ∈ [n]. Consider
h < h′ ∈ [n] such that b(h−1)/11c = b(h′−1)/11c (note that C[h] contains a row vector
of C′i for i = b(h − 1)/11c and hence both C[h] and C[h′] contain a row vector of C′i).
First we define ch,h′ for h < h′ ∈ [n] with b(h − 1)/11c = b(h′ − 1)/11c. We do the
following for each i ∈ {0, . . . ,m− 1} (we remark that the values of ch,h′ seem somewhat
random at first glance but it will become clearer later in Observation 4.23 that those
values are deliberately chosen):

• Let c11i+j,11i+j′ = 8 for each (j, j′) ∈ J1, where J1 = {(1, 5), (1, 6), (2, 7), (2, 8),
(3, 9), (3, 10)}.

• Let c11i+j,11i+j′ = 8 for each (j, j′) ∈ J2, where J2 = {(4, 11)}.

• Let c11i+j,11i+j′ = 5 for each (j, j′) ∈ J3, where J3 = {(1, 4), (2, 4), (3, 4)}.

• Let c11i+j,11i+j′ = 0 for each j < j′ ∈ [11] with (j, j′) 6∈ J1 ∪ J2 ∪ J3.

Let us also define ch,h′ for which b(h − 1)/11c < b(h′ − 1)/11c holds. For each i < i′ ∈
[0,m− 1] and j, j′ ∈ [11], let

c11i+j,11i′+j′ =

{
7− bδ(C[11i+ j],C[11i′ + j′])/2c if (i, j, i′, j′) ∈ Z.
0 otherwise.
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Now ch,h′ is determined for each h < h′ ∈ [n] and S can be obtained from C by appending
Bn
h,h′ horizontally ch,h′ times.

In order to obtain a MinDMC instance, it still remains to provide the diameter
bound d. Let N = 2n(n−1)−6 (recall that δ(Bn

h,h′ [i],B
n
h,h′ [i

′]) equals N if (h, h′) 6= (i, i′)
and N + 2 otherwise) and let

d =
∑

h<h′∈[n′]

ch,h′ ·N + 17.

Again the second term 17 seems arbitrary but its intention will be clear soon. Observe
that the pairwise row distance δ(S[h],S[h′]) can be rewritten as follows for each h < h′ ∈
[n]:

δ(S[h],S[h′]) = δ(C[h],C[h′]) + ch,h′ · (N + 2) +
∑

i<i′∈[n′],
(i,i′)6=(h,h′)

ch,h′ ·N

= δ(C[h],C[h′]) + 2ci,i′ + d− 17.

Hence, we can express each pairwise row distance of S in terms of d by plugging in the
values of δ(C[h],C[h′]) and ch,h′ .

Observation 4.23. All of the following hold:

• δ(S[11i + j],S[11i + j′]) = 0 + 2 · 8 + d − 17 = d − 1 for each i ∈ [0,m − 1] and
(j, j′) ∈ J1 (cf. constraint (C1)).

• δ(S[11i + j],S[11i + j′]) = 0 + 2 · 8 + d − 17 = d − 1 for each i ∈ [0,m − 1] and
(j, j′) ∈ J2 (cf. constraint (C2)).

• δ(S[11i + j],S[11i + j′]) = 4 + 2 · 5 + d − 17 = d − 3 for each i ∈ [0,m − 1] and
(j, j′) ∈ J3 (cf. constraint (C3)).

• It holds that

δ(S[11i+ j],S[11i′ + j′])

= δ(C[11 + j],C[11i′ + j′]) + 2 · (7− bδ(C[11 + j],C[11i′ + j′]/2)c) + d− 17

=

{
d− 3 if δ(C[11i+ j],C[11i′ + j′]) is even

d− 2 if δ(C[11i+ j],C[11i′ + j′]) is odd.

for each i < i′ ∈ [0,m−1] and j, j′ ∈ [11] with (i, j, i′, j′) ∈ I (cf. constraint (C4)).

• For each h < h′ ∈ [n] with ch,h′ = 0, we have

δ(S[h],S[h′]) = δ(C[h],C[h′]) + d− 17 ≤ 12 + d− 17 = d− 5.

Here the first inequality is due to

δ(C[h],C[h′]) ≤ δ(C[h], 08m) + δ(C[h′], 08m) ≤ 12

by the triangle inequality.
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We use the observations above to prove the following claim.

Claim 2. The matrices in C can be completed under constraints (C1) to (C4) if and only
S can be completed within diameter d.

Proof. (⇒) Let T be the matrix where the missing entries are filled as in the completion
of C. We show that δ(T[h],T[h′]) ≤ d for each h < h′ ∈ [n]. We distinguish cases as in
Observation 4.23.

• Suppose that h = 11i+ j and h′ = 11i+ j′ for i ∈ {0, . . . ,m− 1} and (j, j′) ∈ J1.
Note that the missing entries lji in S[h] are filled by 00 or 11 by (C1). Also note
that S[h′] has 01 or 10 in the corresponding positions. Hence, δ(T[h],T[h′]) ≤
δ(S[h],S[h′]) + 1 = d.

• Suppose that h = 11i+ j and h′ = 11i+ j′ for i ∈ {0, . . . ,m− 1} and (j, j′) ∈ J2.
Note that the missing entries ci in S[h] are filled by 00, 01, or 11 by (C2). Also
note that S[h′] has 00 in the corresponding positions. Hence, δ(T[h],T[h′]) ≤
δ(S[h],S[h′]) + 1 = d.

• Suppose that h = 11i+ j and h′ = 11i+ j′ for i ∈ {0, . . . ,m− 1} and (j, j′) ∈ J3.
Note that S[h] has missing entries lji and S[h′] has missing entries ci. Let x1x2 be
the completion of ci for x1, x2 ∈ {0, 1}. Suppose that Ci[j, 7] = 1−x1 and Ci[j, 8] =
1−x2. Then, lji must be filled by 11 due to constraint (C3). Since S[h′] has 11 in the
corresponding positions, it follows that δ(T[h],T[h′]) = δ(S[h],S[h′]) + 2 = d− 1.
Hence we can assume that Ci[j, 7] = x1 or Ci[j, 8] = x2 holds. It means that
δ(T[h],T[h′]) ≤ δ(S[h],S[h′]) + 3 = d.

• Suppose that h = 11i + j and h′ = 11i′ + j′ for i < i′ ∈ {0, . . . ,m − 1} and
(i, j, i′, j′) ∈ Z. Note that S[h] has missing entries lji and S[h′] has missing en-

tries lj
′

i′ . Also note that S[h] and S[h′] have 00 where the other row vector has

missing entries. Since either lji or lj
′

i′ must be completed by 00 by (C4), we have
δ(T[h],T[h′]) = δ(S[h],S[h′]) ≤ d− 2 + 2 = d.

• Suppose that h < h′ ∈ [n] satisfy none of the above. Then we have ch,h′ = 0. Since
every row vector of S contains at most two missing entries, we have δ(T[h],T[h′]) ≤
d− 5 + 2 · 2 = d− 1.

(⇐) We complete the matrices in C in the same way as in the completion of S. We
examine each constraint (C1) to (C4)

• Suppose that the completion of l1i is 01 (10) for some i ∈ {0, . . . ,m − 1}. Then
we have a contradiction because the distance between S[11i + 1] and S[11i + 6]
(S[11i+5], respectively) is δ(S[11i+1], S[11i+6])+2 = d+1 (δ(S[11i+1], S[11i+
5]) + 2 = d+ 1, respectively). We can make analogous arguments for l2i and l3i as
well.

• Suppose that the completion of ci is 11 for some i ∈ {0, . . . ,m− 1}. Then we have
a contradiction because δ(S[11i+ 4],S[11i+ 11]) + 2 = d+ 1.
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• Suppose that the completion of ci is 00 (01, 10) and the completion of l1i (l2i , l
3
i ,

respectively) is 11. Then we have a contradiction because the distance between
S[11i+ 4] and S[11i+ 1] (S[11i+ 2], S[11i+ 3], respectively) is d+ 1.

• Suppose that the completion of lji and lj
′

i′ for some i ∈ {0, . . . ,m−1} and j, j′ ∈ [3]
with (i, j, i′, j′) ∈ Z. Then we have a contradiction because the distance between
S[11i+ j] and S[11i+ j′] is δ(S[11i+ j],S[11i+ j′]) + 4 ≥ d+ 1.

This completes the proof of the claim.

Hence we can conclude that φ is satisfiable if and only if the MinDMC instance
(S, d) is a Yes instance. Moreover, the matrix S has n = 11m ∈ O(m) rows and O(m5)
columns and it can be constructed in polynomial time. This shows that MinDMC is
NP-hard even if |Σ| = 2 and k = 2.

4.4 Concluding remarks

We studied the computational complexity of the matrix completion problem, where the
objective is to minimize the maximum pairwise row distance. There are several open
questions to be discussed. It is known that the clustering variant Minimum Diameter
Clustering Matrix Completion (see Section 1.1 for the definition) of MinDMC
can be solved in polynomial time when the number c of clusters is two and the matrix is
complete [GJL04]. Hence, a natural question arises whether our tractability results can
be extended to this variant as well.

In Section 4.1, we provided a fixed-parameter algorithm with respect to the number
n of rows, via a reduction to ILP (Integer Linear Programming). Our reduction
involves exponentially many variables, and as a consequence the dependence on n in
the running time is doubly exponential. One promising method for speeding up the
algorithm would be to rely on the machinery of n-fold ILP (notably it has been used to
obtain a more efficient fixed-parameter algorithm for MinRMC [KKM17]), rather than
vanilla ILP.

The next open question concerns the number ` of columns. Although MinDMC is
trivially fixed-parameter tractable with respect to ` for constant alphabet size |Σ|, the
parameterized complexity regarding this parameter is completely unknown in the case of
unbounded alphabet size. Even the existence of an algorithm with running time n`

O(1)

(it would mean that MinDMC is XP with respect to `) is open; It is possible that
MinDMC is NP-hard for some constant value of `.

We have some open questions regarding the parameter d and k as well. We proved
that there is a linear-time algorithm solving MinDMC when |Σ| is a constant and d = 2
(Theorem 4.12). In the case of unbounded alphabet size and d = 2, however, the running
time of our algorithm is polynomial but super-linear (Theorem 4.14). A natural question
is whether MinDMC with d = 2 can be solved in linear time even for arbitrary alphabet
size. We are optimistic that more sophisticated case analysis in Lemma 4.13 would yield a
linear-time algorithm. For the case of |Σ| = 2 and d = 3, we obtained a polynomial-time
algorithm (Theorem 4.19). In both cases of d = 2 and d = 3, we obtained polynomial-
time algorithms by creating win-win situations by using the notions of ∆-systems: If `
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is sufficiently large, then the matrix must fulfill certain properties that we can exploit
to obtain an efficient algorithm. Otherwise, a simple brute-force algorithm will do, if
|Σ| is a constant. For the case d = 3, we showed that its boundary of the two scenarios
lies between ` = 9 and ` = 10 (Lemma 4.18). In order to settle another question we
left open—whether MinDMC is tractable for the case |Σ| ≥ 3 and d = 3, one has to
determine the (in)tractability of MinDMC for the case ` = 9 and d = 3. This means
that one has to answer the open question regarding `, at least partially. Consequently,
let us remark that settling fixed-parameter tractability with respect to ` seems to be a
pressing issue.

Finally, let us pose the last open question of this chapter: Is MinDMC fixed-
parameter tractable with respect to d + k for binary alphabet? Note that k ∈ θ(`)
in our NP-hardness proof for the case d = 4 (Theorem 4.20). Also note that d ∈ θ(n5) at
worst in the reduction of Theorem 4.22. Recall that we have made use of the matrix Bn

i,i′

to adjust the pairwise row distances in the proof of Theorem 4.22. However, Bn
i,i′ pre-

sumably does not help in proving the parameterized intractability, since δ(Bn
i,i′) ∈ θ(n2).

We remark that we have thus far failed to prove the NP-hardness for a constant value
of k without relying on Bn

i,i′ . Hence, it is very well possible that MinDMC with |Σ| = 2
is fixed-parameter tractable with respect to d+k. One plausible way may be to aim for a
win-win situation. Can we perhaps utilize the fixed-parameter algorithms for MinRMC
(Theorems 3.8 and 3.11) when the input matrix is sufficiently large?
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Conclusion

We studied three matrix completion problems: MinRMC, MinLRMC, and MinDMC.
We used a multivariate approach for computing the optimal solution. In particular, our
focus was on the distance bound d and the maximum number k of missing entries in any
row vector.

First, we investigated MinRMC and MinLRMC. We completely settled the (pa-
rameterized) complexity regarding the parameter d and k. MinRMC and MinLRMC
turned out to be polynomial-time solvable when d = 1 even for arbitrary alphabet size,
whereas both of these problems are NP-hard when d = 2 for binary alphabet [HR15].
The special case of MinRMC with k = 0 is known as Closest String and NP-hard
even if |Σ| = 2. Despite the hardness regarding d and k, the combined parameteriza-
tion of d and k yields fixed-parameter tractability for MinRMC. Meanwhile, we proved
MinLRMC is fixed-parameter tractable with respect to k alone.

Then, we studied MinDMC. Our main contributions for MinDMC is dichotomy
results for the parameters d and k. We provided polynomial time algorithms for the
case |Σ| = 2 and d ≤ 3 and we proved that MinDMC is NP-hard when |Σ| = 2 and
d ≥ 4. Our polynomial-time algorithm is based on the theorem on ∆-systems by Deza
[Dez73]. For the parameter k, we proved that MinDMC is polynomial-time solvable
when k = 1 but is NP-hard when k ≥ 2.

Future research. First and foremost, let us repeat the open questions we mentioned
in Sections 3.4 and 4.4:

– Can we improve the running time for Theorem 3.11 by adapting more sophisticated
algorithms for Closest String?

– Consider the variant of MinRMC in which some number t of row vectors (called
outliers) can be excluded from the radius constraint. What is the parameterized
complexity of this variant with d+ k + t?

– Is MaxRMC (see Section 3.4 for the definition) fixed-parameter tractable with
respect to d?

– Is there a more efficient fixed-parameter algorithm for MinDMC with respect
to the number of rows, possibly using n-fold Integer Linear Programming
instead?

61
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– What is the parameterized complexity of MinDMC with respect to the number
of columns?

– Can MinDMC be solved in linear time for arbitrary alphabet size when d = 2?

– Is MinDMC polynomial-time solvable when d = 3 and |Σ| ≥ 3?

– Is MinDMC fixed-parameter tractable with respect to d+ k when |Σ| = 2?

We will conclude the thesis with further directions for future research. Despite the fact
that matrix completion problems have ubiquitous applications, the combinatorial matrix
completion problems were first studied from a parameterized complexity standpoint only
very recently. Hence, there is still a plenty of room for the choice of problem variants
and parameters to be explored.

Note that some problem variants have been already mentioned (a variant of Min-
RMC with outliers and MaxRMC). Another problem of interest is the clustering variant
in which we would like to minimize the sum of pairwise distances within each cluster.
So far our objectives for the matrix completion are all based on the Hamming distance
measures. But there are other known distance measures such as such as edit distance
and rank distance, swap distance, reversal distance, and rank distance [Din03], from
each of which one can derive variants of MinRMC, MinLRMC, and MinDMC. We
remark that for inspiration of more matrix completion problem variants, the reader may
want to refer to a survey of NP-hard string problems by Bulteau et al. [Bul+14].

Finally, let us discuss other parameterization. In this work, we considered the pa-
rameters d and k, in addition to the parameters naturally inherent to the input (the
number of rows and columns, and the alphabet size). Our motivation for investigating
the complexity with respect to d was based on the assumption that each row vector is
close to one another. For the parameter k, we considered the cases where the input
matrix is almost complete. In some applications, however, the majority of entries in
the input matrix may be unknown (this seems to be the case for the Netflix challenge).
To express the sparsity of observed data points, we suggest the following parameters
(or their combinations): (i) the maximum number of known entries in any row vector,
(ii) the maximum number of known entries in any column vector, and (iii) the minimum
number of rows and columns covering all known entries. However, one cannot simply
determine which parameter is “the right” parameter of the problem, and there are plenty
of fair choices for the parameter, as stated by Niedermeier [Nie10]. We leave as an open
question for future research, what “the right” parameters are for the matrix completion
problems.
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