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Zusammenfassung

In dieser Arbeit behandeln wir die parametrisierte Komplexitit von SUCCESSIVE EVA-
CUATION auf decaying (temporalen) Graphen. Dieses Problem beschiftigt sich mit dem
Finden eines Pfades zwischen zwei Endpunkten zu jedem Zeitschritt, mit der Ein-
schrankung, dass die Anzahl der Knoten in den Pfaden nicht grofier als eine Zahl k
ist und die Pfade in zwei benachbarten Zeitschritten maximal d gemeinsame Knoten
enthalten diirfen. Ein decaying Graph ist ein temporaler Graph mit der Bedingung,
dass in jedem Zeitschritt die Kantenmenge eine Teilmenge der Kantenmenge des vor-
herigen Zeitschritts ist. Wir zeigen, dass sowohl SUCCESSIVE EVACUATION, als auch
PLANAR SUCCESSIVE EVACUATION (planarer Ursprungsgraph) und SHORTEST SUC-
CESSIVE EVACUATION (kiirzeste Pfade) NP-schwer sind. Des Weiteren beweisen wir,
dass SUCCESSIVE EVACUATION fiir den Parameter k fixed-parameter tractable ist und
SHORTEST SUCCESSIVE EVACUATION mit 7 = 2 und fiir die Parameter d und ¢ in XP ist.
Wobei ¢ die Kantendistanz zwischen zwei benachbarten “layern” ist. Zuletzt beweisen
wir, dass PLANAR SUCCESSIVE EVACUATION (und somit auch SUCCESSIVE EVACUA-
TION) keinen Problemkern der Groéfle polynomiell in & 4+ d annimmt und SHORTEST
SUCCESSIVE EVACUATION keinen Problemkern der Gréfie polynomiell in d 4 ¢ annimmt
(auBer NP C coNP /poly). Alle drei Probleme nehmen jedoch auf “echten” decaying Gra-
phen einen Problemkern polynomiell in n an. Wobei “echte” decaying Graphen diejenigen
sind, deren Kantenmenge in jedem Zeitschritt eine echte Teilmenge der Kantenmenge
des vorherigen Zeitschritts sind.

Abstract

In this thesis, we study the parameterized complexity of SUCCESSIVE EVACUATION in
decaying temporal graphs. SUCCESSIVE EVACUATION searches for paths between two
vertices in each time step, where the length of each path is at most k£ and the vertex
overlap between two paths of neighboring time steps is of size at most d. A decaying
temporal graph is a temporal graph where the edge set of each time step has to be a
subset of the edge set of the previous time step. We prove that SUCCESSIVE EVACUA-
TION, as well as the planar and shortest path version, are NP-hard. We further show
that both length-bounded versions of SUCCESSIVE EVACUATION are fixed-parameter
tractable when parameterized by k and that SHORTEST SUCCESSIVE EVACUATION is in
XP when 7 = 2 when parameterized by ¢ and d. Lastly, we look at the problem kerneliza-
tion. PLANAR SUCCESSIVE EVACUATION, and consequently SUCCESSIVE EVACUATION,
does not admit a problem kernel of size polynomial in £ + d and SHORTEST SUCCES-
SIVE EVACUATION does not admit problem kernel of size polynomial in d 4+ ¢ (unless
NP C coNP/poly). However, all three problems admit a problem kernel polynomial in n
on proper decaying graphs. In a proper decaying graph, the edge sets are proper subsets
of the edge set in the previous time step.
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Chapter 1

Introduction

Climate change is increasingly influencing the earth and thus resulting in a rising prob-
ability of the occurrence of natural disasters, such as forest fires, storms, floods, etc.
[BKD14]. With these disasters affecting us, our cities and living situations we have to
find proper solutions to deal with those situations. One important challenge is to create
appropriate evacuation plans to save large parts of the population [GR09]. Overall, we
need to make sure that while we are evacuating, not too many roads are occupied at
similar times since overcrowding of roads can lead to blockage and therefore result in
an overall unsafe evacuation. Furthermore, the duration of the evacuation should be
preferably short.

To trying to solve this evacuation problem, especially in cases of flooding, we can
attempt to remodel it using the problem SUCCESSIVE EVACUATION we introduce below.
We work on temporal graphs with the nodes representing certain locations and the edges
representing the connecting roads. A temporal graph G = (V, Ey,..., E;) contains a
fixed node set V' as well as multiple edge sets E1,..., E: representing the edge relations
for each time step 1,..., 7. In the case of flooding, we can assume that the water is likely
to rise over time. While increasingly more roads in the network will be inaccessible, it is
most likely that most of these roads remain inaccessible the whole time. Thus, we limit
the temporal graph to be a decaying (temporal) graph, meaning that E; O F;;, for every
i €{l,...,7—1}. The start and end nodes for each time step can vary as, in evacuation
scenarios, residents from various areas may be transported to various safe places. The
length and similarity between neighboring paths are important when considering the
overall safety of an evacuation. Thus we try to limit the path length to a maximum
of k and the maximum overlap of two neighboring paths to d. Formally, we define the
SUCCESSIVE EVACUATION problem as follows':

Problem 1: SUCCESSIVE EVACUATION

Input: A decaying (temporal) graph G = (V, Ey,..., E;), 7 origin-destination pairs
(a1,b),...,(ar,br), and two integers k,d € N.

Question: Is there an a;-b; path P; in (V, E;) with |V(P;)| < k for all ¢ € {1,...,7}
such that for all i € {1,...,7 — 1} it holds that [V (P) AV (Piy1)| < d?

'Let P and P> be two paths with start and end vertex sets {s1,1} and {sa,t2}; then V(P,) AV (P,) ==
(V(P) NV (P2)) \ {s1, 82,11, t2}.
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In this context, we will also look at two variations of this problem that may be
easier. First, we introduce the planar version of SUCCESSIVE EVACUATION. Not every
road network contains bridges or tunnels. In those cases, it would be sufficient to solve
SUCCESSIVE EVACUATION when the input graph is a planar decaying graph. We will
define PLANAR SUCCESSIVE EVACUATION as follows:

Problem 2: PLANAR SUCCESSIVE EVACUATION

Input: A planar decaying (temporal) graph G = (V, Ey,..., E;), T origin-destination
pairs (a1, b;), ..., (ar,br), and two integers k,d € N.

Question: Is there an a;-b; path P; in (V, E;) with |V(P;)| < k for all ¢ € {1,...,7}
such that for all i € {1,...,7 — 1} it holds that |V (P;) AV (Pit1)| < d?

It could also be that the goal is to evacuate every person as fast as possible, thus
not looking for paths shorter than k& but for a shortest possible path. We take this into
consideration since for other problems, the shortest path version is often easier than
the upper-bounded version. Thus we introduce SHORTEST SUCCESSIVE EVACUATION,
a variation of SUCCESSIVE EVACUATION, with the path length not upper-bounded by a
parameter k£ but by the shortest possible path in each time step.

Problem 3: SHORTEST SUCCESSIVE EVACUATION

Input: A decaying (temporal) graph G = (V, Ey,..., E;), T origin-destination pairs
(a1,b;),...,(ar,bs), and an integer d € N.

Question: Is there an a;-b; path P; in (V, E;) with P; being a shortest path for all
ie{l,...,7} such that for all i € {1,...,7—1} it holds that |V (B) AV (Pi1)| < d?

1.1 Owur contributions

We summarize our results for the three problems we studied in Table 1.1. We observed
that all three versions of SUCCESSIVE EVACUATION are NP-hard, even when d is con-
stant. SUCCESSIVE EVACUATION and SHORTEST SUCCESSIVE EVACUATION are NP-
hard, even when 7 and d are constant. In contrast, for PLANAR SUCCESSIVE EVACUA-
TION it is still open whether it is in FPT for a constant 7. However, both length-bounded
versions, SUCCESSIVE EVACUATION and PLANAR SUCCESSIVE EVACUATIONare fixed-
parameter tractable, when parameterized by the length k. It is also interesting to note
that when 7 = 2 SHORTEST SUCCESSIVE EVACUATION is in XP parameterized by d and
the edge distance (.

1.2 Related work

Our problems are related to multistage problems, introduced by Eisenstat, Mathieu, and
Schabanel [EMS14] and Gupta, Talwar, and Wieder [GTW14] and are often variations
of already studied problems on temporal graphs.

Closest to our problem is the vertex-disjoint variation of MULTISTAGE s-t PATH as
studied by Fluschnik et al. [Flu+20]. This problem mainly differs from SUCCESSIVE
EVACUATION because it only has one origin-destination pair, uses general temporal
graphs, and is not restricted to decaying graphs. In their work, they mainly studied
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Table 1.1: Summary of our results: The table contains the three problems we studied
and their complexity regarding different parameters. We will shorten para-NP-hard to
“p-NP-h” and decaying graph to “DG”. We will use “PK” to indicate the existence
of a problem kernel for this parameter and “noPK” to state that no problem kernel

for this parameter exists unless NP C coNP/poly. [ ¢: for all {i € {1,...

, 7 — 1} let

¢ = max{|E; \ Ei+1]}; A: maximum degree A = max{deg(v) | v € V'}]

Parameter SE PLANAR SE SHORTEST SE
k FPT (Thm. 4.3) FPT (Thm. 4.3) n/a
d p-NP-h even if d =0 p-NP-h even if d =0 p-NP-h even if d =0
(Thm. 3.1) (Thm. 3.3) (Thm. 3.4)
T p-NP-h even if 7 = 2 open p-NP-h even if 7 = 2
(Thm. 3.1) (Thm. 3.4)
¢ p-NP-h even if { =0 p-NP-h even if ( =0 open
(Thm. 3.2) (Thm. 3.3)
A p-NP-hevenif A=4 p-NP-hevenif A=4 p-NP-hevenif A =4
(Thm. 3.1) (Thm. 3.3) (Thm. 3.4)
(+7+d p-NP-h (Thm. 3.1) open XPifr=2
(Lemma 4.2)
k+d noPK noPK n/a
(Thm. 5.1) (Thm. 5.1)
d+¢ noPK (p-NP-h) noPK (p-NP-h) noPK
(Thm. 3.1) (Thm. 3.3) (Thm. 5.3)
n PK on PK on PK on
proper DG (Thm. 5.5) proper DG (Thm. 5.5) proper DG (Thm. 5.5)

the parameterized complexity of the problem and showed that MULTISTAGE s-t PATH is
in FPT for a constant path length. We will use this result later to show that SUCCESSIVE
EvACUATION is in FPT for a constant path length as well.

SUCCESSIVE EVACUATION is similar to various problems regarding disjoint paths.
Finding length-bounded or shortest pairwise disjoint paths in graphs has been extensively
studied [Ben+20; GT11; HP02; LMSLI0; Loc21; TV96]. However, the aspect that the
input graph can drop any number of edges at each time step does change the complexity
of the problem. For instance, while it has been proven that SHORTEST DISJOINT PATHS
can be solved in O(l{:nlﬁkk!+k+19)—time for a constant number of pairwise disjoint paths
(Lochet [Loc21], Bentert et al. [Ben+20]), SHORTEST SUCCESSIVE EVACUATION is NP-
hard even for 7 = 2.






Chapter 2

Preliminaries

Table 2.1: Overview of certain terms and symbols used in this work.

term/symbol

N natural numbers containing 0

N+ natural numbers excluding 0

V(QG) vertex set of a graph G

E(G) edge set of a graph G

E;(G) edge set of a temporal graph G at time step ¢

N(v) a set of the vertices adjacent to v

deg(v) deg(v) = [N (v)

A maximum degree A = max{deg(v) |v € V}

A if {s1,t1} and {s2,t2} are the endpoints of two paths P;
and Py, then V(P) AV (Py) = (V(P) N V(Py)) \ {s1, 2, t1,t2}

¢ for all {i € {1,...,7 — 1} let ( = max{|E; \ Ei+1]}

In Table 2.1 we give an overview of our basic notation used in this work.

2.1 Graph theory

A graph G = (V, E) consists of a vertex set V and a set E = {{v,u} | v,u € V,v # u} of
undirected edges. A path P = (V,, E.) consists of a vertex set V}, containing n vertices,
such that the vertices can be arranged in a sequence vy,...,v, and an edge set E, so
that E, = {{vi,vit1} |i € {1,...,n—1}}. We call v; and v,, the start and end vertices
and the path a vi-v, path. A path P is a path in G if P C G. We call a path P a simple
path if every vertex in V(P) is visited exactly once. We call a graph a planar graph if it
can be embedded in the plane such that no two edges intersect, except possibly in their
endpoints.

13
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2.2 Temporal graph theory

A temporal graph G = (V, E1,..., E;) contains a vertex set V and 7 many edge sets
FEq, ..., E.. Additionally, a decaying graph is a type of temporal graph fulfilling the
condition that for all 4,5 € {1,...,7} E; D Ej, i < j. If E; D Ej, i < j, we call the
graph a proper decaying graph.

The graph G; = (V, E;) is called the i-th layer. We call a decaying graph a planar
decaying graph if its first layer can be embedded in the plane, such that none of its
edges intersect, except possibly in their endpoints.

2.3 Parameterized complexity

Let X be a finite alphabet. A problem is a language L. C ¥*, and a parameterized problem
is a problem L C {(z,k) € ¥* x N} with k being the parameter. We say a problem L is
in NP if a polynomial sized solution can be verified in polynomial time and it is NP-hard
if it is at least as hard as all other problems in NP. A problem is NP-complete if it is in
NP and NP-hard. We call a parameterized problem L para-NP-hard if it is NP-hard for
a constant parameter k. A parameterized problem L is fixed-parameter tractable (and in
FPT) when for a parameter k there is an algorithm that decides any input instance (z, k)
in f(k)|z|°" time, where f is some computable function. A parameterized problem L
is in XP when for a parameter k there is an algorithm that decides any input instance
(z,k) in |z|/®*) time, where f is some computable function. A problem kernelization
for a parameterized problem L is a polynomial-time algorithm that creates an instance
(', k"), that is equivalent to the input instance (x, k) such that |2/| + &' < f(k), where
f is any computable function. We call a kernelization polynomial if f is a polynomial
function.



Chapter 3

NP-hardness

We prove in this chapter that SUCCESSIVE EVACUATION and SHORTEST SUCCESSIVE
EVACUATION are both NP-hard. All of our variants of SUCCESSIVE EVACUATION are
contained in the complexity class NP, since we can verify if a path is shorter than k£ or
a shortest path in polynomial time, NP-completeness follows. We prove NP-hardness
by providing polynomial-time many-one reductions from 3-SAT to first SUCCESSIVE
EVACUATION and then to SHORTEST SUCCESSIVE EVACUATION. In Section 3.1.3, we
see that SUCCESSIVE EVACUATION is NP-hard even on planar decaying graphs.

3.1 NP-hardness of Successive Evacuation

This section focuses on the NP-hardness of length bounded versions of SUCCESSIVE
EvACUATION. In Section 3.1.1 we prove that SUCCESSIVE EVACUATION is NP-complete
for 7 = 2, a maximum vertex degree of four and d = 0. We expand this result in
Section 3.1.2 and show that this is even the case when both layers contain identical
edge sets by inserting an extra “chain” of vertices to “replace” one of the outgoing
edges of the start vertex. We then prove NP-completeness for PLANAR SUCCESSIVE
EvVACUATION when d = 0 and all edge sets are identical.

3.1.1 Two layers of maximum degree four and d =0

We prove that even for a maximum vertex degree of four and two vertex-disjoint paths,
SUCCESSIVE EVACUATION is still NP-complete.

Theorem 3.1. SUCCESSIVE EVACUATION is NP-complete even if d =0 and A = 4.

We give a polynomial-time many-one reduction from the NP-complete 3-SAT prob-
lem (inspired by the proof of the NP-completeness for MULTISTAGE s-t PATH by Fluschnik
et al. [Flu+20]).

Problem 4: 3-SAT

Input: A set of n boolean variables X = {z1,...,2,} and a set of m clauses C =
{C4,...,Cn}, each containing exactly 3 literals.

Question: Is there a set of variables X’ C X assigned 1 so that in each clause there is
at least one literal assigned 17

15
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The main idea of this reduction is to construct a decaying graph containing two layers
to represent the 3-SAT instance. For each variable, we have two “parallel” “chains” of
the length of the maximum appearance of any variable in the clauses. One of those
“chains” represents the variable when assigned 1 and the other “chain” the variable
when assigned 0. The first path contains at least one of these “chains” for each variable
and represents X’. The second path represents the clauses. For each clause, we have
two representing vertices that are connected by three individual vertices. Those three
vertices do each represent one literal in the clause. By removing the edges between
the “chains” for the variables, the second path will not contain two connected vertices
representing the same variable.

We assume an equal number of variables and clauses w.l.o.g. in our 3-SAT instances
in this reduction, as well as in following reductions. We do this since we can adjust
every instance of 3-SAT in polynomial time to fulfill this condition by adding variables
and clauses that will admit value 1 so that it will not interfere with the solution for the
starting instance.

Construction 1. Let (X = {z1,...,2,},C = {C1,...,Cy,}) be an instance of 3-SAT
where the number of variables equals the number of clauses. Let p be the most frequent
appearance of a variable in X. We construct a decaying graph G = (V, E, E3) as follows
(see Figure 3.1 for an illustration). Let

V::{s,t}U{cil,...,cén|i€{1,2}}U{a§,...,a§7]iE{l,...,n}}U
{oi,....0, [ie{1,...,n}}.

Let

Ei,a = U {{a;"? a;‘+1}}

je{l,..,p—1}

and let

Eip = U {{béw b§'+1}}-

je{i,...,p—1}
We construct two edge sets Ey 1 and Eq 2. Set Ey 1 contains
e the edges {s,cl} and {t,c},},
e the edge sets Uie{l,...,n}{{céi—l’ ai}, {c3;_1,0}} and Uie{l,...,n}{{céi’ aﬁ,}, {3 b;}},
e the edge set Uie{l,...,n—l}{{céwC%i—i—l}}’ and
e the edge sets Uie{l,...,n} E; o, and Ulgz’gn E;p.
Set Ej 2 is built in the following way. For each clause C; € C' we add the following:
e the edges {s,c3} and {t,c3,},

e if C, contains the j-th appearance of the positive literal z; add {C%q_l, aé-}, {C%q, aé- )
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(a) A snapshot of the first layer of the resulting graphs, G = (V, Ey).
a
a

\

j
{\cg s o !
(b) A snapshot of the second layer. G = (V, E3)

Figure 3.1: A decaying graph constructed with Construction 1, exemplified for clause
Cy = (11 \/.Tj\/.fi), with 4,5 € {3,...,p} and i # j.

e if C, contains the j-th appearance of the negative literal z; add {cgq_l, b}}, {cgq, ;}
and

e the edge set Uie{lwn_l}{{céi? Cgi+1}}'

Let Fq = El,l U ELQ and Fy = ELQ. O

Proof. Theorem 3.1. Let I = (X = {x1,...,2,},C = {C1,...,Cy}) be an instance of
3-SAT where the number of variables equals the number of clauses and let I’ = (G =
(V,E1, E3), (a1,b1), (az,b2), k,d) be the instance of SUCCESSIVE EVACUATION obtained
from Construction 1 withd =0, k=n-p+2n+2, a1 =ae = s and by = by =t. We
show that I is a YES-instance if and only if I’ is a YES-instance.

(=) Let X’ C X be a solution for I. We construct the paths (P, P,) as follows. For
all i € {1,...,n}, vertex set V(P1) contains {bf,...,b%} if 2; € X" and vertex set V(P})
contains {af,...,ab} if 2; ¢ X’. Furthermore, V(Py) contains {s,t} U{c},...,c3,}. Let
H = (Uj<icplal, -5 apbUU <, {05, - - - 0, 1) \ V(1) be an auxiliary vertex set. For all



18 CHAPTER 3. NP-HARDNESS

g€ {1,...,n}, we define V(Cy) = N(c3, ;) N N(c3,) where N(v) are the neighbor ver-
tices of a vertex v in the second snapshot. Vertex set V' (F%) contains {s,}U {c2,...,c3,}
and if aj € V(Cy) N H with ¢ smallest, then V (/%) contains a}, and if bz eV(Cy)NH
with 4 smallest then V (P2) contains b; We observe, that ]V(P1)| =n- p+2n+2 < k and
|V(Py)| = 2n+n+2 < k. Since V(P)NH = () and (V(P)\ ({s,t}u{c?,...,c3.})) C H,
V(P)AV(Py) =0 and thus |V (P) AV (P)| =0 < d. Thus (P, P) is a solution for 1"
(<) Let (P, P;) be a solution for I’. We construct a solution X’ for I as follows.
If V(P1) contains the vertex set {bt,.. .,b;,}, then z; € X', and if V(P;) contains the
vertex set {all,...,a;}, then z; ¢ X', for all ¢ € {1,...,n}. For each clause C; € C,
q € {1,...,n}, there exists a vertex pair {c3, 1,c§q} € V(P,) and a vertex v € V(Pg)
that connects this pair. The vertex v is either a7, if Ti is a positive literal in Cy, or b
if z; is a negative literal in C,. Thus, z; € X' if v = aJ since V(P AV (P) = 0. Thus
X’ C X is a solution for I. O

3.1.2 Two identical layers of maximum degree four and d =0

We prove that SUCCESSIVE EVACUATION is NP-complete for two disjoint paths, the
maximum underlying vertex-degree being four, 7 = 2, and the edge distance ¢ = 0.

Theorem 3.2. SUCCESSIVE EVACUATION is NP-complete even fort=2,d=0,( =0
and AG = 4.

We give a polynomial-time many-one reduction from the NP-complete 3-SAT prob-
lem (inspired by the reduction of Li, McCormick, and Simchi-Levi [LMSL90] for showing
NP-hardness of TWO LENGTH-BOUNDED VERTEX-DISJOINT PATHS). This reduction is
similar to Construction 1 because both paths are built very similar. However, in Con-
struction 2 both layers of the graph have the same edge sets such that ( = 0. So to
prevent the paths from containing vertices that are not intended, we include an extra
chain of vertices between the starting vertex s and the cZ. This way, the path using c?
can only use the vertices used in the second path of Construction 1, or else the path
would be too long. The other path will be identical to the first path of Construction 1.

Construction 2. Let (X = {z1,...,2,},C = {C1,...,Cy,}) be an instance of 3-SAT
where the number of variables equals the number of clauses. Let p be the most frequent
appearance of a variable in X. We construct a decaying graph G = (V, E, E3) as follows
(see Figure 3.2 for an illustration). Let

Vi={s,t}u{d,....c, ie{1,2}}U{al,...,a} |z € X}U{b],... b} |z € X}U
{wi, ... wsp2 - 1)+pn_n}u{a§-1,...,a§73n|xi€X,j€{1,...,p—1}}U
{B515- -5 J3n|l'1EX]€{1 ,p—1}}

Let

Ei,a = U {{a_]7 ],1}7 {a§'+17 a;’,?mfl}} U U {{az',w aé‘,g+1}}7

je{1,....,p—1} ge{1,...,.3n—1}
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1,1 1 1 1 2 n
ajy @11 a1,3na3 ap ay ap
0—O +++ 0—O +++ O o o
c/ \é c;/ \;n
o o o o
1 n
b/ b /

w1 o o 00% o

W3n2(p—1)+pn—n C% Cg C%n

Figure 3.2: Snapshots we obtained from Construction 2, exemplified for clause Cy =
(x1 V x2) V), with i € {3,...,p}. In this graph, both edge sets are identical. Thus we
can represent it as a static graph.

let

Eyp= U 0. 0 bisotu U Hd)gafead)

and let

By = U {{wj, wjta}}.

je{l,...,.3n2(p—1)+pn—n—1}
Then FE; contains
o the edges {s,cl}, {s,u1}, {t,c},} and {t,c3,},
e the edge {W3n2(p—1)+pn—n> 3},
e the edge sets Uie{l,...,n}{{c%iflv ai}, {ey;_1,0i}} and Uie{l,...,n}{{c%i’ a;}, {c3i, b;}},
e if C, contains the j-th appearance of the positive literal z; add {c%qf17 aé}, {cgq, a;'-},
e if C, contains the j-th appearance of the negative literal z; add {C%q_l, b;}, {c%q, b;},
e the edge sets Uie{l,...,nfl}{{c%w C§i+1}} and Uie{l,...,nﬂ}{{cgia C%H—l}} and
o the edge sets Ujeq1, 0y Fiiar Ur<i<n Eips and Ey.

Let By = Ej. O
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Proof. Theorem 3.2. Let I = (X = {z1,...,2,},C = {C1,...,Cy,}) be an instance of
3-SAT where the number of variables equals the number of clauses. Let I' = (G =
(V,E1, E3), (a1,b1), (a2,b2), k,d) be an instance of SUCCESSIVE EVACUATION obtained
from Construction 2 with d = 0, k = 3n%(p — 1) + (p+2)n + 2, a1 = az = s, and
by = by = t. We show that I is a YES-instance if and only if I’ is a YES-instance.

(=) Let X’ C X be a solution for I. We construct the paths (Py, P) as follows.
For all i € {1,...,n}, vertex set V(Py) contains {b},...,b}} if 2; € X’ and V(Py)
contains {a},... ,a;} if z; ¢ X'. Furthermore, V(P;) contains {s,t} U {cd,...,cd,}
Let H = (Uj<icnial, -5 ap} Ul cicndbl, -5 05}) \ VI(P1) be an auxiliary vertex set.
For each ¢ € {1,...,n}, we deﬁne_V(C’q) = N(C%qil) N N(c24)? where N(v) are the
neighbors vertices of a vertex v. Vertex set V(P) contains {s,t} U {c},...,c3,} U E,
and if aé- € V(Cy) N H with ¢ smallest, then V(%) contains aé-, and if b;- eV(Cy)NH
with ¢ smallest, then V() contains b; Since V(Py) N H = 0 and (V(P) \ ({s,t} U
{2,...,& 1) CH, V(P)AV(P) =0 and thus [V (P) AV (P)| = 0 < d. It is easy to
see that |V(P)| =n-p+2n+2<kand |[V(P)| =3n%(p—1)+ (p+2)n+2 < k. Thus,
(Py, P») is a solution for I'.

(<) Let (P, P;) be a solution for I’ We construct a solution X’ C X for I as
follows. If V(Py) contains the set {bi,...,b.}, then z; € X', and if V(Py) contains
the set {a"l,...,a;}, then z; ¢ X', for all ¢ € {1,...,n}. For each clause C; € C,
q € {1,...,n}, there exists a vertex pair {¢3, ;,¢3,} € V(P2) and a vertex v € V(P,)
that connects this pair. The vertex v is either aé- if z; is a positive literal in Cy, or b; if
x; is a negative literal in Cj. Thus, if v = a§- then z; € X/, since V(P)AV(P) =0. O

3.1.3 On planar decaying graphs

We now prove that NP-hardness SUCCESSIVE EVACUATION even holds when the input
graph is a planar decaying graph, the maximum vertex degree is four, the edge sets of
all layers are identical, and d = 0.

Theorem 3.3. PLANAR SUCCESSIVE EVACUATION is NP-complete even for d = 0,
(=0, and A =4.

We give a polynomial-time many-one reduction from the NP-complete 3-SAT prob-
lem (inspired by the proof for NP-hardness for LENGTH-BOUNDED DISJOINT PATHS on
planar graphs from Holst and Pina [HP02]). The main idea of this reduction is to
construct various zigzag paths, two representing each variable and one for each clause.

Construction 3. Let (X = {z1,...,2,},C = {C4,...,Cy}) be an instance of 3-SAT
where n equals the number of variables and m equals the number of clauses. We construct
a decaying graph G = (V, E1,..., Eanim) as follows (see Figure 3.3 for an illustration).
Let

V::{$zl,17-~-»3311,4 | i€ {1,...,n}}U{332271,...,17?’4 lie{l,...,n}}U
{cl,ch, ey [ie{l,...,m}pu
{(h,q) | 0<h<4n,0<qg<4n+2m,(h+¢q) mod 2 =1}.
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Figure 3.3: Graph resulting from construction Construction 3 using the following 3-SAT
instance: C' = {{x1, %2, x3},{Z1,T2, 23}, {x1,22,23}}. The colored paths in this figure
represent a solution where every variable is assigned value 1. Again, all layers of our
decaying graph are identical, thus one snapshot is able to represent the whole graph.

For all i € {1,...,n}, let

By, ={{(4i —4,2i — 1), 2} }, {(4i — 3,2i — 2), 2,5}, {(4i — 2,20 — 1), 2} 5},
{(4i — 1,21 — 2), 2} 4}, {4i — 4,4n + 2m — 2i + 1), 27, },
{(4i = 3,4n +2m — 2i + 2), 275}, {(4i — 2,4n + 2m — 2i + 1), 273},
{(4i — 1,4n 4+ 2m — 2i + 2), 27 4}}.
Let Ey1 = {{(h,0),(i,))} | max{|h —i|,|o — |} = 1}, h,i € {0,...,4n + 2m}, 0,1 €

{0,...,4n}}. The edge set Eyo (these are the edges we need to “remove” from FEj ,
since we want to add extra vertices in their place) contains

e the edge set
{{{(4i — 4,20 —1),(4i — 3,20 — 2)},{(41 — 2,20 — 1), (40 — 1,21 — 2)},
{(4i —4,4n 4+ 2m — 2i + 1), (4i — 3,4n + 2m — 2i + 2)},
{(4i —2,4n+2m —2i+ 1), (4i — 1, dn+2m — 2i + 2)}} | i € {1,...,n}},

and
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e forie{l,...,m}andj € {1,...,n} theedge {(4i—4,2(n+j)—1), (4i—3,2(n+j))},
if C; contains the positive literal z; and the edges {(4i—4,2(n+7)—1), (4i—3,2(n+
j) —2)}, if C; contains the negative literal z;.

Then the edge set F contains

e the edge sets Uie{l,...,n}{{xz{hle,Z}} and Uie{l,...,n}{{xil,?ﬂ 9511,4}}7

e the edge sets Uie{l,...,n}{{le’:I:’L?:Q}} and Uie{l,...,n}{{xzz,?)’ ZE%A}},
o the edge sets ey, ) B, and E1y \ Exot, and

o foreachi e {1,...,m},re€{1,2,3},and j € {1,...,n}, the edges {{(4i —4,2(n+
§)—1),ct}, {(4i—3,2(n+j)),c.}}, if C; contains the positive literal z; at position
r, and the edges {{(4i — 4,2(n + j) — 1),c},{(4i — 3,2(n + j) — 2),c.}}, if C;
contains the negative literal z; at position 7.

Let By = = Eopipm = E. 0O

Proof. Theorem 3.3. Let (X = {x1,...,z,},C ={C4,...,Cp}) be an instance of 3-SAT
where n equals the number of variables and m equals the number of clauses. Let I’ =
(G = (V,E1,...,Eopnim), (a1,b1),. .., (a2n+m, b2n+tm), k,d) be the instance of PLANAR
SUCCESSIVE EVACUATION obtained from the Construction 3 with d = 0, k = 4n + 2,
and a; = (0,2 — 1) and b; = (4n,2i — 1) for all ¢ € {1,...,2n 4+ m}. We show that I is
a YES-instance if and only if I’ is a YES-instance.

(=) Let X’ C X be a solution for I. We construct the paths (P, ..., Py, 4pm) as follows.
For every i € {1,...,2n + m}, V(P;) has to contain the vertex set {(j,2¢ — 1) | j €
{0,...,4n},j mod 2 = 0}. The paths P; and Py4m+j, j € {1,...,n}, represent the
variable z; € X in I. Then, for all j € {1,...,n} and i € {1,...,2n 4+ m}, we do the
following;:

if 2, € X/
add the vertices {xil, :cle} to V(P;),
{$32‘,3>x32‘,4} to V(Putm+j), and

{(45 —3,2i — 2), (45 — 1,2i)} to V(P)).

if z; ¢ X'
add the vertices {x}-’g,w}A} to V(Fj),
{1']271,.1'32-72} to V(Pn+m+j>7 and
{(45 — 3,2i),(45 — 1,2i — 2)} to V(F).

The paths {Py, ..., P,} and {P1m,- .., Pan+m} have a maximum length of k = 4n + 2.
This is because the minimum length is 4n and we add exactly one vertex pair depending
on wether z; € X’ or z; ¢ X'. For every j € {1,...,m}, the path P, ; represents the
clause Cj € C. Forevery i € {n+1,...,n+m} and j € {1,2,3}, if ]N(c;) NV(P)| =2
add vertex cz- to V(Puj). For every j € {1,...,m}, an extra vertex is added to P,,; for
each literal in C; that admits the value false. This is because we can represent that way
that at most two literals in each clause can admit the value false, or else our path would
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be too long. We know that at least one literal in each clause Cy, i € {1,...,m}, has
the value true, thus a maximum of two extra vertices will be added and the maximum
length of the paths Pp41,..., Phtm is k = 4n + 2. It is easy to see that every vertex is
contained in at most one path, thus d = 0. Thus, (Py,..., Paytm) is a solution for I’.
(<) Let (P, ..., Poptm) be a solution for I’. We construct a solution X’ C X for
instance [ as follows. For all i € {1,...,n}, the path P; represents the variable z; € X
and the vertices :L'il’l, ... ,xi 4 represent the value of a variable z;. We know that only one
of two pairs (:1;11’1,3:1172) and (:1:%73,%-174), i € {1,...,n}, can be contained in V(F;), since
otherwise |V (P;)| > 4n + 2. If xil,x}z € V(P;) we add z; to X'. For all i € {1,...,n}
the vertices ct,c) and ¢} represent the three literals in each clause C; in I and since
k = 4n + 2 only two of those vertices can be contained in P; to meet this condition.
Thus, we know that at least one literal in each clause C1, ..., C,, admits the value true
and X’ is a solution for I. O

3.2 NP-Hardness of Shortest Successive Evacuation

SHORTEST SUCCESSIVE EVACUATION is NP-complete even for two disjoint paths and a
maximum vertex degree of four.

Theorem 3.4. SHORTEST SUCCESSIVE EVACUATION is NP-complete even for T = 2,
d=0, and A =4.

We give a polynomial-time many-one reduction from the NP-complete 3-SAT prob-
lem. The Construction 4 we use for this reduction is similar to Construction 1. The
main difference being that we insert 2pn extra vertices between the vertices representing
the clauses and the vertices representing the literals. This is because we want to “force”
our first path to be the representative path for the variables x € X’. We then remove
the same edges as in Construction 1. While the second path is noticeably longer, it can
only be of one certain length if it is a simple path.

Construction 4. Let (X = {z1,...,2,},C = {C1,...,Cy}) be an instance of 3-SAT
where the number of variables equals the number of clauses. Let p > 2 be the most
frequent appearance of a variable in X. We construct a decaying graph G = (V, E, Es)
as follows (see Figure 3.4 for an illustration).

Let

Vi={s,t}u{c,...,c, |iec {1,2}}U{ai,...,a§,|xi GX}U{b’i,...,b; | z; € X}U
{cija, o cijpn i €{1,...,2n},j € {1,2,3}}.

Let E; o := Uje{1,...,p—1}{{a§‘va§+1}}7 let E;p = Uj€{1w7p_1}{{b§,b§~+1}}. Next we con-
struct the edge sets 'y ; and Es. Set Ey; contains

e the edges {s,cl} and {t,c} 1,
o the edge sets U;eqr, oy {{chiors ai} {eai1, 013} and Use gy oy {{ezi apds {ehis b1},

o the edge set Uz‘e{1,...,n—1}{{05iaC%iﬂ}}a and
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(b) Snapshot of the second layer. G = (V, E3)

Figure 3.4: Snapshots of the two layers of the decaying graph resulting from Construc-
tion 4, exemplified for clause Cy = (z1 V x; V &;), with ¢,5 € {3,...,p} and i # j.
e the edge sets Uie{l,..,,n} Eiq and U <;<,, Eip-

Let Eype = U1§i<pn,1{{0w,h,i7Cw,h,i+1}}~ Set E5 is built in the following way. For
each clause C; € C' we add the following:

e the edges {s,c?} and {t,c3,},

the edge sets U,eq1,.. 201 Ur<n<s Bwh.es

the edge set U;cq1 ony{{c, cinn}s {cf e} {cf et

for all 0 € {1,2,3} and 7 € {1,...,n}, if the literal at position o in C; contains
the j-th appearance, j € {1,...,p}, of the positive literal z; add {CQq_lpmn,a;},

{c2q,00ms a;'-},

for all 0 € {1,2,3} and i € {1,...,n}, if the literal at position o in C; contains
the j-th appearance, j € {1,...,p}, of the negative literal z; add {c2g—1,0,n,}},

{c2q,0.pm; bé} and

the edge set Uie{lw,,n}{{cgi, C%¢+1}}~
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Let Fq == E171 U Es. O

Proof. Theorem 3.4. Let I = (X = {x1,...,2,},C = {C4,...,Cy}) be an instance of
3-SAT where the number of variables equals the number of clauses. Let I' = (G =
(V,E1, E2), (a1,b1), (a2,b2),d) be the instance of SHORTEST SUCCESSIVE EVACUATION
obtained from Construction 4 with d =0, a1 = a3 = s and by = by = t. We show that [
is a YES-instance if and only if I’ is a YES-instance.

(=) Let X’ C X be a solution for I. We construct the paths (P, P;) as follows.
For all i € {1,...,n}, vertex set V(Py) contains {b},...,bl} if 2; € X' and V(Py)
contains {af,...,a}} if z; ¢ X'. Furthermore, V(P;) contains {s,t} U {e}, ... b}
Let H = (Unp,.mp{at, -0t Ulseqr, oy 01,5 0p}) \ VI(P1) be an auxiliary vertex
set. For each ¢ € {1,...,n} we define V(Cy) = N(cgq_l) N N(cgq) where N(v) are
the neighboring vertices of v. Vertex set V(P,) contains {s,t} U {c?,...,c2, } and if
aé- € V(Cy) N H with i smallest, then V(P) contains a;'-, and if b;- € V(Cy) N H with i
smallest, then V/(P,) contains b, as well as their neighbor vertices {cag,0.pns C2g-1,0pn}5
{o € {1,2,3}, and the vertex sets Uy<;p{c2g,0} and Ueqr, pn—1{c2¢-1,04} Since
V(P)NH =0and (V(P)\ {s,t}u{c,....,3, U{cij1,...Cijpn | i€ {1,...,2n},j €
{1,2,3},})) C H, V(P)NV(P) =0 and thus |[V(P)NV(P)| =0 < d. We know that
|V (P1)| = 2+ 2n+ pn and every other possible P; would have at least the length of size
7+ 2pn and it is clear that there is no other option than |V ()| = 2+ 3n +2pn?. Thus,
both paths are shortest paths.

(<) Let (P, Py) be a solution for I'. We construct a solution X’ C X for I as
follows. If V(P;) contains the set {b¢, ..., b;}, then z; € X', and if V(Py) contains the set
{at,... ,aé-}, then z; ¢ X', for all i € {1,...,n}. For each clause C; € C, g € {1,...,n},
there exists a vertex pair {c5, |,¢c3,} € V(P,) and a vertex set V,, € V/(Py) that connects
this pair. The vertex set V,, either contains aé» if ; is a positive literal in Cy, or b;- if z;
is a negative literal in Cj. Thus, z; € X' if aé- € V,, since V(P) AV (P,) = 0. Since this
is the case for every clause in I and at least one literal is satisfied in each clause, I is a
YES-instance. O]






Chapter 4

XP and fixed-parameter
tractability

In this chapter, will investigate whether SUCCESSIVE EVACUATION is fixed-parameter
tractable for parameter £ and SHORTEST SUCCESSIVE EVACUATION is in XP for a con-
stant edge distance ¢ and d. First, we give an algorithm that shows that SHORTEST
SUCCESSIVE EVACUATION is in XP when parameterized by ¢ and d if 7 = 2. Then,
in Section 4.2, we show that SUCCESSIVE EVACUATION is fixed-parameter tractable for
parameter k by using results of Fluschnik et al. [Flu+20] for MULTISTAGE s-t PATH.

4.1 Shortest Successive Evacuation parameterized by (, d,
and 7 =2

In this section, we give an XP-algorithm for SHORTEST SUCCESSIVE EVACUATION for
7 = 2 and constant vertex overlap d and edge distance . First, we introduce an algorithm
for disjoint paths. Then we show how we can use Algorithm 1 to decide if the input
instance is a YES-instance by duplicating vertex sets S C V of size d.

4.1.1 Ford=0

We give an XP-algorithm for SHORTEST SUCCESSIVE EVACUATION when 7 =2, d =0
and constant d. We start Algorithm 1 on a simple graph G = (V, E3). We then iterate
over each edge e € Fj \ Fy and represent this edge in our simple graph with an extra
vertex ve. This vertex v, is used as a stopover for path P;. We compute each an ai-v,
and ve-by shortest path and use their combined length for comparison. By calling the
algorithm recursively, we add one edge after another to our “stopover chain”. By doing
this, we replicate every possible combination of the missing edges in Fjs.

Let I = (G = (V, E1, Ey),(a1,b1), (a2,b2),k,d) be an instance of SHORTEST SUC-

CESSIVE EVACUATION with d = 0 and let H = E; \ Fy. We will not consider our end
and start vertices in the path length, resulting in the path length being |V (P)| — 2.

27
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Algorithm 1 ShortestSuccessiveEvacuationNonOverlapping
Input: G = (V, El,Eg), {al,bl} and {ag,bg} with a1, a9,b1,bo € V.
Output: A boolean value true or false, indicating if there exist two disjoint paths be-
tween vertex pairs {a1,b1} and {ag,b2} on G.
1: function SHORTESTSUCCESSIVEEVACUATIONNONOVERLAPPING (G =
(V, El, EQ), {al, bl}, {az, bg})

2: lengthl < ShortestPathLength(G = (V, E1), {a1,b1})

3: length2 < ShortestPathLength(G = (V, E2), {a2, ba2})

4: length < lengthl + length2

5: return ShortestSuccessiveEvacuation(G = (V, E2), {{a1,b1}, {az2,b2}}, E1 \
Ey,length)

6: end function

Algorithm 2 ShortestSuccessiveEvacuation

Input: G = (V, E), a sorted set of vertex pairs S = {{a1,b1}, {az,b2}}, an edge set H,
and an integer length.
Output: A boolean value true or false, indicating if there exist two disjoint paths be-
tween vertex pairs {ai, b1} and {ag2,b2} on G with the help of the auxiliary vertex
set H.
function SHORTESTSUCCESSIVEEVACUATION(G = (V, E), S, H,length)
2: lengthAll < 0
for each s € S do
4: lengthAll < length All+ ShortestPathLength(G, s)
end for
6: if lengthAll = length then
[ + DisjointShortestPaths(G, S)

8: if [ = true then
return true
10: end if
end if

12: for each e € H do

last + last element {lasty,lasty} € S
14: {1}1, UQ} — e

View < V Uwe.
16: Epew — E\ eU {{ve,v1}, {ve, v2}}

S« (S\ last) U {{last1,ve}, {ve, lasta}} > Sorted union
18: sol <— Algorithm 1 (G = (Vaew, Fnew), S, H \ {e}, length)

if sol = true then
20: return true

end if
22: end for

return false
24: end function
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Algorithm 3 ShortestPathsLength

Input: G = (V, E) and a vertex pair {a, b}.
Output: Length of the shortest paths between the vertices a and b without a and b.

Algorithm 4 DisjointShortestPaths

Input: G = (V,E) and a set S of vertex pairs
Output: A boolean value true or false. Deciding if vertex disjoint paths exist between
the vertex pairs in S. Using the algorithm introduced by Bentert et al. [Ben+20)].

Proof. (Correctness of Algorithm 1). (=) If there exists a solution for I, then Algo-
rithm 1 will return true. It is easy to see that Algorithm 1 will return a solution if two
disjoint paths exist on the edge set Fs. If this is not the case, the edges e € H are added
to P; one at a time by representing them with vertex v.. We then use the vertex v, as
a “layover” for the last path in S. This replicates the edge being contained in P;. Since
we do not consider the start and end vertices in our path length but only the “inner”
vertices of the path, we can compare the sum of all paths to the initial length of the
shortest path. Since S is a sorted set and in each iteration we “split” the last element
in, by connecting the two endpoints with a different edge e, we compute each possible
sequence. To compute the various disjoint paths, we use Algorithm 4 introduced by
Bentert et al. [Ben+20], which proved correct. We require even the auxiliary paths to
be disjoint. If they contained the same vertices, the resulting path a;-b; would not be a
simple path and therefore not a shortest path. Thus if there exists a solution Algorithm 1
returns true.

(<) If Algorithm 1 returns true, then there is a valid solution for I. P; and P
are vertex disjoint, as P; is a combination of paths that all are pairwise vertex disjoint
with P. Since the total length is at maximum the length of the combined length of two
shortest paths between (a1,b1) and (a9, b2), computed in advance, the resulting paths
are two shortest paths. ]

Lemma 4.1. SHORTEST SUCCESSIVE EVACUATION when parameterized by ¢ and 7 = 2
s in XP.

Proof. For any fixed |E \ Eq| = ¢, Algorithm 1 is a polynomial-time algorithm. In each
recursion step, we call the function at most a total of |H| — 1 times, resulting in a total
number of ¢! recursion steps. Since Bentert et al. [Ben+20] showed that K DISJOINT
SHORTEST PATHS can be solved in O(kn'6¥*+*k+1) _time, the worst-case running time
of our algorithm is in O(¢! - (¢ + 1)pt6CHD-(CHDH(CHD+T) O

4.1.2 For constant d

We give an XP-algorithm for SHORTEST SUCCESSIVE EVACUATION for 7 = 2 and any
constant d > 0. We do this by computing every possible vertex set S C V with |S| =
d and creating a new graph Gg = (Vg, E1, Es,) by duplicating all vertices in S and
connecting the duplicate vertex to the neighbors of the original vertex. When we call
Algorithm 1, we can visit each of these vertices twice. We do not take F; into account
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Algorithm 5 DuplicateVertices
Input: G = (V,Ey,Es) and HCV
Output: G = (V, Eq, Ey) with updated V and E,
function DUPLICATE(G, H)
2: for each i € {1,...,|H|} do

V+—Vuu?
4: for each v € Ng,(v;) do
By + By U {{v?,v}}
6: end for
end for
8: return G

end function

Algorithm 6 ShortestSuccessiveEvacuationOverlapping
Input: G = (V, Ey, Es), {a1,b1}, {a2,be} and d € N
Output: wether there exist two paths {a1, b1}, {az, ba} with P({a1,b1})NP({az,b2} < d
function SHORTESTSUCCESSIVEEVACUATIONOVERLAPPING(G, H)
2: if |V| < d then

return true

4: end if
for each S C V; |S|=d do
6: Grew < DuplicateVertices(G, S)

a < ShortestSuccessiveEvacuationNonOverlapping(Gpew, {{a1, b1}, {az2,b2}})
8: if a = true then
return true

10: end if
end for
12: return false

end function

when adding the edges for the duplicate vertices. We do this since the edges existing in
FE4 and not in E5 can only be contained in P;. If P; contains the original vertex, P, can
still contain the duplicate vertex.
Let I = (G = (V, Ey, E»), (a1,b1), (a2, b2), k, d) be an instance of SHORTEST SUCCESSIVE
EvAcUATION. For all v € V' let Ng,(v) be the set of all adjacent vertices of v; in the
second layer of G.

Algorithm 5 will create a new graph G’ = (V’, E, EY)) with certain duplicated vertices

and a new edge set E} == Ey U UvieH(UveN(vi){{v?’ v}}.

Proof. (Correctness of Algorithm 6). (=) If there exists a solution for I, then Algo-
rithm 6 will return true. It is easy to see that Algorithm 6 will return true if d > |V|.
The other case is that d < |V|. We compute every possible subset S C V with |S| = d
and an alternate graph G’ using Algorithm 5. The extra vertices and edges in G’ simu-
late the overlapping vertices since now it is possible for V(P;) to contain v; € V' and for
V(P,) to contain v2. Since the vertex set S has size d, we ensure that this vertex overlap
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is at most the size of d. By not adding the edges between the duplicate vertex of v and
its neighbors in Fp, we ensure that the size of the auxiliary vertex set H = Fj \ E3 in
Algorithm 2 does not contain any “duplicate” edges. Since those could then occur in
the same vertex-pair sequence and worsen the running time of Algorithm 2. As shown
above, Algorithm 1, and consequently Algorithm 6, will return true if a solution exists.

(<) If Algorithm 6 returns true, it is a valid solution for I. We showed that Algo-
rithm 1 always found a valid solution if it returns true. Every vertex set S C V, used to
compute G, is of size |S| = d. Thus at most d vertices can be contained in more than
one path computed by Algorithm 4, so when Algorithm 6 returns true, there exists a
solution for I. O

Lemma 4.2. SHORTEST SUCCESSIVE EVACUATION for 7 = 2 and when parameterized
by ¢ is in XP.

Proof. For any fixed d and |E \ Eq| = ¢, Algorithm 6 is a polynomial-time algorithm.
The number of different subsets S; C V with |S;| = d is (Z) Therefore SHORTEST

SUCCESSIVE EVACUATION can be solved in O((%)¢! - (¢ + 1)nt6CHD-(CHDH(CHD+) time
for 7 = 2. O

4.2 Successive Evacuation parameterized with k

We prove that SUCCESSIVE EVACUATION is fixed-parameter tractable when parameter-
ized by k. We do this by constructing a parameterized reduction to MULTISTAGE s-t

PATH (as described below), proven to be fixed-parameter tractable when parameterized
by k by Fluschnik et al. [Flu+20].

Theorem 4.3. SUCCESSIVE EVACUATION is fized-parameter tractable when parameter-
ized by k.

Problem 5: MULTISTAGE s-t PATH

Input: A temporal graph G = (V, E1, ..., E;), origin-destination vertices s and ¢, and
two integers k,d € N.

Question: Is there an s-t path P; in (V| E;) with |V(F;)| <k for all i € {1,...,7} such
that for all j € {1,...,7 — 1} it holds that |V (P;) AV (Pj11)| < d?

Construction 5. Let I = (G = (V, Ey,...,E;),(a1,b1),...,(ar,br), k,d) an instance
of SUCCESSIVE EVACUATION. We construct a temporal graph G' = (V/,Ef,...,E.)
as follows (see Figure 4.1 for an illustration). Let N(v) be the set of the neighboring
vertices of v € V'. Then the vertex set V' contains

e the vertex set V, the vertices s and ¢ and
e foralli € {1,...,7} the vertex a! and i € {1,...,7} the vertex b.
For every i € {1,...,7} let

Ei=EuU |J {{ai}vl{salyu (J ol o {{e i)

JEN(a;) JEN(b;)
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(a) left: G = (V, Ey), right: G' = (V' EY) (b) left: G = (V, Ey), right: G’ = (V' E})

Figure 4.1: Snapshots of two layers, (a) layer one and (b) layer two, of a temporal graph
shows how the layers changed after applying Construction 5.

Proof. Theorem 4.3. Let I = (G = (V, En,...,E;),(a1,b1),...,(ar,b;),k,d) be an in-
stance of SUCCESSIVE EVACUATION and let I’ = (G' = (V', Ef,...,EL),s,t,k',d) be an
instance of MULTISTAGE s-t PATH obtained from Construction 5 with & = k + 2. We
show that I is a YES-instance if and only if I” is a YES-instance.

(=) Let (P1,...,P:r) be a solution for I. We construct the paths (P{,...,Pl) a
follows. For all i € {1,...,7}, let V(P/) = (V(P;) U {a%, b, s,t}) \ {ai, b;} since al,b;
and a;,b; have the same outgoing edges (except for the edges to s and t) this path
connects the start and end vertices. The length of P; is at most k£ and we add exactly

two additional vertices to V(P/), thus |V (P/)| < k+ 2. For all j € {1,. — 1} we
know that |V(P;)AV(Pj1)| < d, thus (V (P/)ﬁV(P]’H) < d. We added the extra

vertices a] a]jﬁ,b; and b7+1 thus if aj,b;,a;41,bj41 € V(P;) N V(Pj+1) it means that
a],b],ajH, j+1 & V(P A V(PJ/H) and [V(P)AV(Pl+1)| < d. Thus, (P},...,P.) is
a solution for I'.

(<) Let (Pf,...,P.) be a solution for I’. We construct the paths (Pi,...,P;) as
follows. For all i € {1,...,7} let V(P) = (V(P!) U {a;,b;}) \ {s,t,al,bi}. Pj has
to contain the two corresponding vertices a! and b¢ to a; and b;, thus P; has to be
a a;-b; path if P/ is an s-t path. It is easy to see that for all ¢ € {1,...,7 — 1},

V(P)AV(Piy1) C V(P)AV(PL,), thus |V(P;) AV (Pj41)| < d. Thus, (Pl,...,PT) is

a solution for I. O



Chapter 5

Problem Kernels

In this chapter, we study problem kernelization for SUCCESSIVE EVACUATION and SHORT-
EST SUCCESSIVE EVACUATION. We prove that both problems admit a problem kernel
of size polynomial in the size of the vertex set |V| = n if the input graph is a proper
decaying graph.

5.1 No problem kernel of size polynomial in k-+d for Planar
Successive Evacuation

To prove that PLANAR SUCCESSIVE EVACUATION admits no problem kernel of size
polynomial in k + d, we use an AND-cross-composition and a polynomial equivalence
relation R as defined by Bodlaender, Jansen, and Kratsch [BJK10].

Let X be a finite alphabet. We call an equivalence relation R on % a polynomial
equivalence relation R if there is an algorithm that can decide in polynomial time if two
instances x and y are in the same equivalence class and if for any finite set S € ¥* the
number of classes that R divides S in is polynomially bounded by the largest element
in S. Let L C ¥* be a language, R a polynomial equivalence relation on ¥*, and
let @ C ¥* x N be a parameterized problem. An AND-composition is a polynomial-
time algorithm that maps p different ‘R-equivalent instances x1,...,z, € ¥* of L on
an instance (x,k) € ¥* x N so that the parameter value k is polynomially bounded in
max; |z;| +logp and (z, k) is a YES-instance for Q if and only if every instance z1,. ..,z
is a YES-instance for L.

Bodlaender, Jansen, and Kratsch [BJK10] showed that if an NP-hard language L
AND-cross-composes into the parameterized problem Q, then Q does not admit a poly-
nomial kernelization unless NP C coNP /poly and the polynomial hierarchy collapses.
We will use this going forward.

Theorem 5.1. Unless NP C coNP/poly, PLANAR SUCCESSIVE EVACUATION does not
admit a problem kernel of size polynomial in k + d.

Two instances of PLANAR SUCCESSIVE EvacuaTioN I = (G, {a1,b1},...,{ar, b:},
k.d), I' = (G, {da,b}}, ..., {a, b}, k' d') are R-equivalent if |V(G)| = |[V'(G)|, k = K
and d = d'. Tt is decidable in polynomial time if two instances I and I’ are R-equivalent.
Thus, R is a polynomial equivalence relation.

33
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Proposition 5.2. There is an algorithm that computes in polynomial time an instance
I of PLANAR SUCCESSIVE EVACUATION if given p R-equivalent different instances
Ii,...,I, of PLANAR SUCCESSIVE EVACUATION, such that I is a YES-instance if and
only if each of In,...,I, is a YES-instance.

Construction 6. Let I = (Gi,{a1,b1},...,{ar,br}, k. d),...., = (Gp,

{asr i (r-1): 002 pts- - {ar, b}k d) be p R-equivalent instances of PLA-

NAR SUCCESSIVE EVACUATION and for all j € {1,...,p}, G; = (Vj,EZj SREPR
i=1"? J

EEJ_-:NZ_), d = 0, and all vertex sets {Vi,...,V,} are pairwise disjoint. We construct

I =(G" {a1,b1},... . {ay, b}, k,d) with G' = (V',El,..., E.) as follows. Let V' =

T

Uicic, Vi and let 7/ = 37 7. Forall j € {1,..., 7'}, let B} = U ;< Ei- O

Proof. Theorem 5.1. Let I = (Gi,{a1,b01},...,{ar,br}, k,d),....I, = (Gp,
{asr 7 (1) 0m (s m) b5 {ar, b} K, d) be p R-equivalent instances of PLA-
NAR SUCCESSIVE EVACUATION and for all j € {1,...,p}, Gj = (Vj,Ex~y 4.,
=1 "7 J
By ), d =0, and all vertex sets {Vi,...,V,} are pairwise disjoint. We obtain the
i=1"1?
instance I = (G',{a1,b1},...,{a;, by}, k,d) with 7/ = >"F_, 7 from Construction 6.
(=) Let (P1,..., Py) be asolution for I. For each instance I; with i € {1,...,p}, we
construct the paths (Pf,..., Py.) as follows. Let P} = PE§-:1 i (rim1) , P =P, i
for every i € {1,...,p}. The instances {I1,...,I,} are represented by pairwise disjoint
vertex sets, thus two representative paths for two different instances will not influence
each other. It is easy to see that each subset of paths {P;,...,P;} € {Pi,...,Pr}, 4,5 €
{1,...,7'} and ¢ < j fulfills the requirements of PLANAR SUCCESSIVE EVACUATION,

thus for all i € {1,...,p} the paths (Pf,... ,Pﬁi) form a solution for I;.

(<) For all i € {1,...,p}, let (P{,...,P.) be a solution for I;. We construct
the paths (Py,...,Py) as follows. For all i« € {1,...,p} and 5 € {1,...,7;}, let
PZfFqu*jH = Pfiﬁjﬂ. We know that the paths on I resulting from an instance I;,
i €{1,...,p} are always on a vertex subset V; C V' and all of those subsets are pairwise
disjoint. Thus no two paths resulting from two separate instances will be interfering
with each other. Since the sequence of origin-destination pairs in I is the same as in
the starting instances the paths will also be disjoint, thus (Py, ..., P./) is a solution for
L. O

PLANAR SUCCESSIVE EVACUATION is a special case of SUCCESSIVE EVACUATION.
Thus, SUCCESSIVE EVACUATION also does not admit a problem kernel of size polynomial
in kK +d. PLANAR SUCCESSIVE EVACUATION does also not admit a problem kernel of
size polynomial in k£ + d on proper decaying graphs since it is possible to add another
component with at least 7 edges to the graph and remove one each time step. This can
be done in polynomial time. And since there are no edges connecting the additional
component to the original graph, the result for this instance will not change.
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5.2 No problem kernel of size polynomial in d+( for Short-
est Successive Evacuation

In this section, we show that SHORTEST SUCCESSIVE EVACUATION admits no problem
kernel of size polynomial in d + ¢ by using an AND-cross-composition.

Theorem 5.3. Unless NP C coNP/poly, SHORTEST SUCCESSIVE EVACUATION does
not admit a problem kernel of size polynomial in d + C.

We call two instances I = (G, {a1,b1},...,{ar,br},d), I' = (G', {d},b}}, ..., {a], b},
d') R-equivalent if |V(G)| = |[V/(G)], 7(G) = 7(G’) and d = d'.

Proposition 5.4. There is an algorithm that computes in polynomial time an instance
I of SHORTEST SUCCESSIVE EVACUATION if given p R-equivalent different instances
I,...,1I, of SHORTEST SUCCESSIVE EVACUATION, such that I is a YES-instance if and
only if each of I, ..., I, is a YES-instance.

Construction 7. Let I} = (Gi,{a1,b1},{a2,b2},d),...,I, = (Gp,{azp—1,bop—1},
{agp, bap}, d) be p R-equivalent instances of SHORTEST SUCCESSIVE EVACUATION and
for allj S {1, cee ,p}, Gj = (‘G,EQj_l,EQj),d = 0, a25j—1 = a2j, bgj_l = bgj and let the
vertex sets {V1,...,V,} be pairwise disjoint. We construct I = (G',{s,t},...,{s,t},d)
with G' = (V', B}, ..., E.)) as follows. Let

it U @l

1<i<|V(Gh)|-(G—1)
V2= U {vi},
V(GV|-(G—1)<i<2|V(G1)|-(i—1)
Vi=vilyvi?

and

B ={{s, 01} {fy a1y @2i-1h Wvany -1y 22V

U (CACARE

1<i< V(G- (—1)—1

U {vj, v}

[V(G1)|-(j—1)+1<i<2|V(G1)|-(j—1)—1

for every j € {1,...,p}.
Let V' := U, <;<,(ViUVILUV#2) and let 7/ = 2p. Forall j € {1,...,p} let B, ; =
gjﬁigp(EQil UE’) and By; = Bz U(E'\ {v)y ,)1.(j-1) @25-11) YU, 1<i<p (Bric1 UEY).

P’l“OOf Of PTOpOSitiOTL 5.4. Let 11 = (Gl, {al, bl}, {CLQ, bz}, d), e ,Ip = (Gp, {agp,l, 62p71},
{agp, bap}, d) be p R-equivalent instances of SHORTEST SUCCESSIVE EVACUATION and
for all ] € {1,...,p}, Gj = (V}'aE2jflaE2j)7 d = 0, azj—1 = azj, bgjfl = bgj and
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let the vertex sets {Vi,...,V,} be pairwise disjoint. We obtain the instance I =
(G {s,t},...,{s,t},d') with 7/ = 2p and d’ = 2 from Construction 7.

(=) Let (P1,...,Py) be a solution for I. For each instance I;, with i € {1,...,p}
we construct the paths (P}, P3) as follows. Let the two paths P{ = Py;_1\ ({s,t} UV/!)
and Pi = Py \ ({s,t} UV??) for every i € {1,...,p}. If we remove the two vertices s
and ¢ the instances {1, ..., Iy} would be represented as different components in /. This
ensures that paths of different starting instances will not interfere with one another. The
instance I can have a vertex overlap of d = 2. However, since for each of our starting
instances the two start and end vertices are each the same vertex, this overlap is required
for those two vertices and thus no overlap in P} and P§ will occur. Through adding the
vertex sets V1, ..., VP we ensure that the two paths V(Py;_1) and V(Py;), representing
P} and P}, are neighboring paths and consequently P} and P4 are disjoint, for every
i € {1,...,p — 1}. They are neighboring paths because for all i € {1,...,p — 1}, the
size of [V (Pi—1)| and |V (Py;)| can be at most [V (G;)[(j —1) +[V(G;)| and the “chains”
yitblyerl2 o ypl P2 Care of size at least [V(G;)|(j — 1) +|V(G;)|. Therefore the
size of the following paths |V (Pait1)l, ..., |V (Pap)| has to be at least |V(G;)|(j — 1) +
V(G| +2 > |[V(G)|(5 — 1) + [V(Gi)|. Thus, for every i € {1,...,p}, (P}, P}) is a
solution for I;.

(<) For all i € {1,...,p} let (P}, P) be a solution for the instance I;. We construct
the paths (P, ..., Py/) as follows. Let Py;_1 = P{U{s,t}UV’! and Py; = PiU{s,t}UV7?
for every i € {1,...,p}. The vertex sets V7! and V'’ do not have a connection to the
representing component of I; after a path used it. Each path of P} and P} can contain at
most |V (G;)| vertices and |V = Vo +|V(G;)| and therefore the path through the
instance [; at time step 2i — 1 and 2i is always shortest, ¢ € {1,...,p}. Thus (Py,..., Py)
is a solution for I.

O

5.3 Problem kernel of proper decaying graphs

We prove the following theorem:

Theorem 5.5. SUCCESSIVE EVACUATION and SHORTEST SUCCESSIVE EVACUATION
do admit a problem kernel of size polynomial in the number of vertices n if the input
graph is a proper decaying graph.

We know that every input instance trivially admits a problem kernel of size polyno-
mial in n + 7 from Fluschnik et al. [Flu+20].

Proof of Theorem 5.5. Let G; = (Vj, Eq,...,E;) and 7 > (g) An undirected graph can
have a maximum of (g) edges. Per definition, a proper decaying graph has at least one
edge removed in each time step. Thus, G' can not be a proper decaying graph if 7 > (g)

Since 7 can admit a maximal size of (g) it is easy to see that SUCCESSIVE Evac-
UATION, PLANAR SUCCESSIVE EVACUATION, and SHORTEST SUCCESSIVE EVACUA-
TION admit a problem kernel of size n + (g) ]



Chapter 6

Conclusion

We studied three problems: SUCCESSIVE EVACUATION, PLANAR SUCCESSIVE EVACUA-
TION and SHORTEST SUCCESSIVE EVACUATION. We found that all of those three prob-
lems are NP-hard. For example, NP-hardness for SUCCESSIVE EVACUATION holds even
if 7 = 2, both edge sets are identical, the vertex overlap is zero, and the maximum vertex
degree is four. However, considering that Li, McCormick, and Simchi-Levi [LMSL90]
proved that TWO LENGTH-BOUNDED VERTEX-DISJOINT PATHS on undirected paths is
NP-complete even for a vertex degree of three, we introduce the following corollary:

Corollary 6.1. SUCCESSIVE EVACUATION is NP-complete even if d=0, (=0, 7 =2
and A = 3.

We say this because in the reduction from MAX 2-SAT to TWO LENGTH-BOUNDED
VERTEX-DISJOINT PATHS as described by Li, McCormick, and Simchi-Levi [LMSLI0],
all the edge weights are polynomial in the size of the input instance. Thus we could
replace the weighted edges in the reduction by vertex chains where the vertex number
equals the edge weight with it still being a polynomial-time many-one reduction. When
considering a planar decaying graph, we do not prove NP-hardness for a constant param-
eter 7. This raises the question of whether the problem may be fixed-parameter tractable
regarding parameter 7 on planar decaying graphs. We further showed that SUCCESSIVE
EVACUATION is fixed-parameter tractable regarding parameter k via a parameterized
reduction from SUCCESSIVE EVACUATION to MULTISTAGE s-t PATH.

For SHORTEST SUCCESSIVE EVACUATION we found that it is NP-complete even
when d = 0, 7 = 2 and A = 4. We then showed that it is in XP for 7 = 2 when
parameterized by ¢ and d. It would be interesting to further research if SHORTEST
SUCCESSIVE EVACUATION with these parameters is still in XP for 7 > 2 or if a constant
parameter 7 is even required and if we can improve this result.

Our results show that unless NP C coNP/poly, there exists no problem kernel of
size polynomial in k& + d for SUCCESSIVE EVACUATION and no problem kernel of size
polynomial in d + ¢ for SHORTEST SUCCESSIVE EVACUATION.

Lastly, we proved that all problems have a problem kernel of size polynomial in n
if the input graph is a proper decaying graph. However, it remains open if there is a
problem kernel of size polynomial in n if the input graph is not a proper decaying graph.

In future work, research on how planarity influences the hardness of our problems
on decaying graphs can be considered. By removing the edges that are required for the
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second path in the first layer, we could show NP-hardness for SUCCESSIVE EVACUA-
TION and SHORTEST SUCCESSIVE EVACUATION on planar temporal graphs (that are
not decaying graphs) for the constant values d = 0, ¢ =0, 7 = 2 and A = 4. However,
on decaying graphs, it remains open if the planar version of SHORTEST SUCCESSIVE
EvACUATION is NP-hard even if no parameter is constant. Further research on the
complexity of PLANAR SUCCESSIVE EVACUATION and what happens if PLANAR SucC-
CESSIVE EVACUATION is parameterized by 7 would be especially interesting since many
road networks can be compared to planar graphs. Therefore, the planar versions seem
particularly applicable regarding floods.
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